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Abstract 

We define a new family of open Gromov-Witten type invariants 
based on intersection theory on the moduh space of pseudoholomor- 
phic curves of arbitrary genus with boundary in a Lagrangian sub- 
manifold. We assume the Lagrangian submanifold arises as the fixed 
points of an anti-symplectic involution and has dimension 2 or 3. In the 
strongly semi-positive genus case, the new invariants coincide with 
Welschinger's invariant counts of real pseudoholomorphic curves. Fur- 
thermore, we calculate the new invariant for the real quintic threefold 
in genus and degree 1 to be 30. 



Contents 



E 



Introduction 



1.1 The main ideal 2 

1.2 The definition 6 



1.3 The relationship with real algebraic geometry! 9 

1.4 An overview of the paperl . 11 



Ul. 



Acknowledgements! . . 11 



2 Orienting Cauchy-Riemann operatorsi 



12 



"Massachusetts Institute of Technology; email: jake@math.mit.edu. 



1 



1 INTRODUCTION 2 

3 Orienting moduli of open stable mapsI 26 

4 The definition of the invariants revisitedl 37 

5 The sign of conjugation on the moduli spaed 43 

6 Proof of invarianc i 48 

7 An equivariant Kuranishi structur3 55 

8 Calculations! 60 
A Kuranishi structured 73 



1 Introduction 
1.1 The main idea 

In 1985, Gromov initiated the study of pseudoholomorphic curves in sym- 
plectic geometry with his seminal paper ,7j. Motivated by applications of 
Gromov's techniques in string theory, Witten developed a systematic way of 
organizing pseudoholomorphic curve information, later known as Gromov- 
Witten invariants fI^ • Over the following decade, mathematicians in- 
cluding Ruan-Tian [20]; McDuff-Salamon Li-Tian J3] and Fukaya-Ono 
[S], successfully established a rigorous foundation for Gromov- Witten invari- 
ants. Concurrently, Kontsevich ^] initiated research that eventually 
succeeded in calculating the Gromov- Witten invariants in many situations. 

We briefly recall the deflnition of Gromov- Witten invariants. Note that 
throughout the introductory portion of this paper, we assume all moduli 
spaces have expected dimension in order to simplify the exposition. Let 
(X, u) be a symplectic manifold and denote by J'^^ the set of tu-tame al- 
most complex structures on X. Fix a generic J E J^^. For d G H2{X), let 
J^g^n{X, d) denote the Gromov-compactiflcation of the moduli space of J- 
holomorphic maps from a surface of genus gio X representing d together with 
a choice of n marked points on the domain. There exist canonical evaluation 
maps 

evi : Mg^n{X, d) X. 
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Furthermore, denoting by -Mg^n = -^3,n(pt,0) the Dehgne-Mumford com- 
pactification of the moduh space of genus g curves with n marked points, 
there exists a canonical projection 



Let Ai G H*_{X) and B G H*{Mg,n)- Choose differential forms G n*{X) 
and P G Q*{M.g^n) such that [ai] = Ai. The genus g Gromov-Witten invariant 
of X for cohomology classes Ai, B, takes the form of the integral 



It follows from Stokes's Theorem and the fact that A^g^„(X, rf) is a closed 
orbifold that this integral does not depend on the choice of the forms ai, 13, 
or the choice of J G JTL- Hence, it is an invariant of the deformation class 
of uj parametrized by the cohomology classes Ai, B. Roughly speaking, the 
Gromov-Witten invariants of X count the number of J-holomorphic maps 
from a Riemann surface of fixed genus g io X representing d and intersecting 
fixed generic representatives of PD{Ai). The class B can be used to fix the 
conformal structure on the domain Riemann surface or the relative position 
of the marked points. 

Now, let L C X be a Lagrangian submanifold, and let (E, 9E) be a Rie- 
mann surface with boundary. For some time, physicists El ^1 12n] have 
predicted the existence of "open" Gromov-Witten invariants counting pseu- 
doholomorphic maps (E, 9E) — > [X, L) satisfying certain incidence condi- 
tions. These invariants would naturally generalize classical Gromov-Witten 
invariants to include maps from Riemann surfaces with boundary. Note, 
however, that according to P] it may be necessary to specify some additional 
structure on L in order to uniquely determine the invariants. Katz and Liu 
took a first step toward the mathematical definition of open invariants given 
the additional structure of an action on the pair {X, L) (TUllini- However, 
the existence of such an S"^ action is a rather restrictive condition. 

Before entering a more detailed discussion, let us briefly establish some 
necessary notation. In the following, we denote by E a Riemann surface with 
boundary with fixed conformal structure. This avoids the issue of degener- 
ations of E, which the author plans to treat in another paper in the near 
future. For d G H2{X,L), let A4k,i{L,T,,d) be the moduli space of config- 
urations of k distinct marked points in (9E, / distinct marked points in E 



TT : Mg^n{X,d) M 




1 INTRODUCTION 



4 



and J-holomorphic maps u : (S, (9S) —>■ {X,L) such that = d. 

In this moduh space, points which are equivalent by automorphisms of S 
are identified. We denote by /iAk,i{L,^,d) the Gromov compactification of 
A4k,i{L, T,,d). Finally, we denote by 



the canonical evaluation maps at the marked points. 

From a mathematical perspective, two main difficulties have obstructed 
progress on open invariants: orientation and bubbling in codimension one. 
Indeed, Fukaya et al. 6J showed that A4k,i{L,'^,d) need not be orientable. 
In the same paper, they proved orientability if L is orientable and "relatively 
spin." However, in many interesting examples, i.e. {X,L) = (CP^,]RP^), L 
is not orientable and neither is Aik,i{L,'^,d). In Theorem 11.11 we show that 
even if L is not orientable, under reasonable assumptions, the orientation 
bundle of pulls-back to the orientation bundle of M.k,i{,L, S, d) under the 
map evi. This allows us to pull-back differential forms with values in the 
orientation bundle of L, wedge and integrate. 

Considerably more troublesome is the problem of bubbling in codimen- 
sion one. Put differently, A4.k,i{-^i^i^) orbifold with corners. Intu- 
itively, one should think of a manifold with many boundary components. The 
boundary consists of codimension one strata of the Gromov-compactification. 
This stands in contrast to the moduli space associated to a closed surface 
M.g^n{X, d), which has no boundary since all strata of the Gromov compact- 
ification have codimension two or more. By analogy to the classical Gromov 
Witten invariants, we would like to define invariants parametrized by co- 
homology classes Ai e H*{L) and Ci e H*{X). Choose ai e Q*{L) with 
[tti] = Ai and •jj G Q*{X) with [jj] = Ci. The desired invariant should take 
the form 



However, trouble arises in trying to prove independence of the choices of 
ai, 7j. For example, suppose a[ also satisfies [a[] = Ai. Then ai — a[ = dS 
for some 6 and hence 



evbi : Mk,i{L,T,,d) L, 
evij : Mk,i{L, E,d) ^ X, 



i = 1 . . . k, 
j = l...l, 




evbl{ai) A ... A evbl{ak) A 6^1(71) A ... A evi*i{ji). (1) 



evhl{ai) A ... A evi^i^ji) - evbl{a[) A ... A evi*{'yi) = 

= d {evbl{6) A ef62(«2) A ... A evi*i{^i)) 
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We would like to integrate the right-hand side of the above equation over 
Ai k,i{L,Tj,d) to obtain zero by Stokes's theorem. However, contributions 
from the integral of evl{6) A ev2{a2) A ... A ev^'ji) over the boundary of 
A4k^i{L, may spoil this vanishing. So, the integral ((H) may depend on 
the choice of a^, 7^. 

Now, let us assume there exists an anti-symplectic involution 

(j) : X X, (j)*uj = —uj, 

such that L = Fix{(l)). We limit our discussion to the special case that 
Ai e H'^'^^{L), Cj e H'^'"^^{X) and dimX < 6. If L is not orientable, we 
assume dim L < 4. Consequently, we can actually prove independence of dH) 
from the choice of a^, 7^. 

We proceed to explain the idea of the proof. The extra structure enters 
the definition of the invariants through the almost complex structure. Indeed, 
we define 

Jiu,^ ■= {J G Jw\4>*J = -J}- 

In the following, we fix a generic J E Ju,(j>- Let M.k,i{L^Tj^dY^^ denote the 
union of the codimension one strata of Aik,i{L, S, (i), that is, strata consisting 
of two-component stable-maps. Think of Aik,iiL, S, d)^^^ as the boundary of 
Aik,i{L,Ti,d). Recall that it may have many connected components. We 
identify a subset of these components, the union of which we refer to as 
M.k,i{L, S,(i)*^^"\ satisfying the following properties: 

• There exists an orientation reversing involution 02 of E, 
that does not preserve any single connected component. Hence the 
quotient 

Xh,i{L, S, d) := M^^iiL, S, d)/4>2{x) ~ X 
carries a natural orientation. Here, we use the cf) invariance of J. 

• The forms evb*{ai), efi*(7j) and ef6^((5) descend naturally to 

Xu,i{L,i:,d) 

under the assumption that the 7j are (f) invariant. 

• The differential form evb\{5) f\evb2{a2) A . . .Aevi^{'yi) has support away 
from the boundary of Aik,i{L, E, d). 



1 INTRODUCTION 



6 



The independence of the integral ((H) of the choices of Pi and 7^ follows 
immediately from Stokes's theorem: Indeed, we may replace the domain of 
integration in (P) with Mk,i{L, S, d). Since evbl{6) A evb2{a2) A ... A ewf (7;) 
vanishes on the boundary of A4k,i{L, S, c?), 



as desired. Independence of the choice of J G J7L,0 follows by a similar 
argument. Note however, that a priori the invariant so obtained should 
depend on the choice of 0. We may interpret the choice of as the extra 
parameter involved in defining open invariants predicted by p. 

1.2 The definition 

In the following, we denote by {X, u) a symplectic manifold of dimension 2n 
and by L C X a Lagrangian submanifold. Let J'^j denote the set of cj-tame 
almost complex structures on X, and let J G JTL- Let V denote the set of J- 
anti-linear inhomogeneous perturbation terms generalizing those introduced 
by Ruan and Tian in [20], and let u & V. See Section|3]for more details. Fix a 
Riemann surface with boundary (E, dH), let A^s denote the moduli space of 
conformal structures on (S, dT,), and fix j G A^s- Suppose 9S = IJ^i(^^)a) 
where (9E)„ ~ S\ Let 



let k = (fci, . . . , A;^) G and let / G N. By Mk^i{L, S, d), we denote the 
moduli space of (j, J, z/)-holomorphic maps u : (S, dT,) — > (X, L) with ka 
marked points on (c?S)a and / marked points on E such that m*([S, dT]) = d 
and M|(gs)a*([('9S)a]) = da- Let J^]i^i{L,T,d) denote its Gromov compactifi- 
cation. There exist natural evaluation maps 

evbai : M]^j{L, T,d) L, i = 1 . . . ka, a = 1 . . .m, 
evij : S, d) ^ X, j = l...l. 

We now digress for a moment to discuss the notion of a relatively Pin^ 
Lagrangian submanifold. Let — >^ -B be a vector bundle. Define the charac- 
teristic classes p'^iV) G H^{B, Z/2Z) by 




d {evbl{6) A evbl{a2) A ... A evi*i{^i)) = 



d = (d, di, . . . , drn) G ^2(X, L) © 



p+(\/)=^2(\/) 
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According to jTI], p^{V) is the obstruction to the existence of a Pin^ struc- 
ture on V. See jTTj for a detailed discussion of the definition of the groups 
Pin^ and the notion of Pin^ structures. 

Now, suppose {X, u) is a symplectic manifold and L C X is a Lagrangian 
submanifold. Note that we do not assume L is the fixed points of an anti- 
symplectic involution yet. We say that L is relatively Pm^ if 



and Pin^ if p^{TL) = 0. If L is Pin^, we define a Pin^ structure for L to 
be a Pin^ structure for TL. If L is relatively Pin^, a relative Pin^ structure 
for L consists of the choice of a triangulation for the pair (X, L), an oriented 
vector bundle V over the three skeleton of X such that W2iV) = p^{TL) 
and a Pin^ structure on TL\^{3) (BV\l. Note that the definition of a relative 
Pin^ structure given here directly generalizes the notion of a relative Spin 
structure given in [Hj. 

By the Wu relations PH], if ^ < 3 then p^{TL) = 0, so that L is always 
Pin^ . It follows that for the apphcations considered in this paper, we need 
only consider honest Pin^ structures. However, we state Theorem 1 1.1 1 in full 
generality, since that requires little extra effort. 

Theorem 1.1. Assume L is relatively Pin^ and fix a relative Pin^ structure 
on (X, L). If L is not orientable, assume ka = wi{da) + 1 mod 2. If L is 
orientable, fix an orientation. The relative Pin^ structure on (X, L) and the 
orientation of L if L is orientable canonically determine an isomorphism 



Remark 1.2. This theorem was proved in [H] in the case that L is orientable. 

Under the assumptions of Theorem 11.11 we define an invariant as fol- 
lows. Let H*{L,det{TL)) denote the cohomology of L with coefficients in 
the fiat line bundle det (TL). Poincare duality will hold whether or not L 
is orientable. Let f2*(L, det(TL)) denote differential forms on L with val- 
ues in det (TL), and let Q*{X) denote ordinary differential forms on X. 
For a = 1, . . . m, and i = 1, . . . ,ka, let G fi"(L, det (TL)) represent the 
Poincare dual of a point in H^{L, det (TL)). Furthermore, for j = 1, ...,/, let 
7j G fi^"(X) represent the Poincare dual of twice the point-class. We define 



p^{TL) G Im {%* : H\X) H\L)) . 



det(TMk,z(L,E,d)) 



(8) 



et;6:, det (TL). 




evhl^aii A ... A evh*^j^^amk„, A efi^Ti A ... A ef^Ti 
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This integral makes sense because by Theorem II. H the integrand is a differ- 
ential form taking values in the orientation line bundle of the moduli space 
over which it is to be integrated. Let n : H2{X,L) Z denote the Maslov 
index as defined in |3j. Denote by g the genus of the closed Riemann surface 
S U^s S obtained by doubling S. Furthermore, we employ the shorthand 
\k\ = ki + . . . + km. We note that by calculating the expected dimension of 
Aik^i{L, S, d), it follows that unless 

{n - l)(|k| + 21) = n{l - g) + /i(ci) - dimAut{E) (2) 

the above integral must vanish. 

Now, suppose there exists an anti-symplectic involution cj) : X ^ X, such 
that L = Fix{(f)). We define JTL;,,^ to be the set oi J E Juj such that 0* J = — J. 
Define 

:= {7Gr]*(X)|r7 = 7}. 

Furthermore, define h = h o r where h : 7r2(X) H2{X) is the Hurewicz 
homomorphism and r : H2{X) —>■ H2{X, L) is the natural homomorphism. 

Assume that dimX < 6, and if L is not orientable assume dimX < 4. If 
dimX = 4, assume that ka = wi{da) + l mod 2. Note that these assumptions 
imply the hypothesis of Theorem 11.11 If S = and k = assume that 

d^lm(h: 7i2{X) ^ H2{X, L)) . (3) 

This is necessary to avoid a certain type of bubbling that requires taking into 
consideration real curves with empty real part. The author intends to treat 
such bubbling in another paper in the near future. 

Theorem 1.3. The integers A^E,d,k,/ do not depend on the choice of J E J'uj^tf,, 
I' E V, j E Ai^, the choice of G r2"'(L, det(TL)) or the choice of •yj G 
That is, the numbers A'"s,d,k,« ore invariants of the triple {X,uj,(f)). 

Remark 1.4. The condition that ka = 'Wi{da) + 1 mod 2 when L is not 
orientable is redundant if g = 0, as it can easily be derived from the dimension 
condition (j21). 

Remark 1.5. The definition of the integers A'"s,d,k,« does not use or the 
condition that dimX < 6 in an essential way. The author believes that there 
exist far more general conditions under which similarly defined integers are 
invariant. 
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We now present an example of a non-trivial calculation of these invari- 
ants. See also Section EHl where we develop the relationship with Welschinger 
invariants, for which many interesting calculations have already been carried 
out |9 . 

Example 1.6. Let {X, L) be the pair consisting of the quintic threefold and its 
real part. That is, X := {J2t=o A = 0} C CP^ equipped with the symplectic 
form coming from the restriction of the Fubini-Study metric, and L := X fl 
MP^. Let i G H2{X,L) denote the generator with positive symplectic area. 
It is not hard to see that i satisfies condition Q. We calculate N£)2 i q q = 30. 
This may be interpreted as the number of oriented lines in the real quintic. 
It is interesting to compare this with the classical computation of 2875 lines 
in the complex quintic. 

1.3 The relationship with real algebraic geometry 

Real algebraic geometry provides a rich source of examples of symplectic 
manifolds admitting anti-symplectic involutions. Indeed, given any smooth 
real projective algebraic variety, we can take X to be its complexification, a; 
to be the pull-back of the Fubini-Study metric and to be complex conju- 
gation. For this reason, it makes sense to call triples {X,uj,(f)) real symplec- 
tic manifolds. Fix an cu-compatible almost complex structure J such that 
(f)*J = —J. Let S be a Riemann surface with an anti-holomorphic involution 
c : S — > S, and let z/ be a c — equivariant inhomogeneous perturbation. 
We can define real (J, i/)-holomorphic curves to be (J, i/)-holomorphic maps 
M : S — i> X such that (j)ouoc = uoa for some a G Aut{T,, u). Note that 
a given Riemann surface may have several different anti-holomorphic invo- 
lutions. So, when we need to specify that a curve is real with respect to a 
particular anti-holomorphic involution, we use the terminology c-real. 

Now, suppose (E', is a Riemann surface with boundary such that E ~ 
S' Uas' ^' ^^"^ ^'^^^ exchanging S' and S'. Any c-real (J, z/)-holomorphic 
curve u : —>■ X, must satisfy 

u-\Fix{(l))) = Fix{c) ~ dE'. 

Since, Fix{c) divides S into S' and S', restricting u to either S' or S' gives a 
(J, z/)-holomorphic curve with boundary in the Lagrangian submanifold L = 
Fix{(j)). Conversely, given a ( J, z/)-holomorphic map u' : (S',c}E') — > (X, L), 
we can construct a c-real (J, z/)-holomorphic map S — > X by gluing u' and 
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(j)ou' : (S', BTj') (X, L) along their common boundary by the Schwarz 
reflection principle. 

Let us denote by A^„(X, S, d) the Gromov-compactification of the space 
of (J, z/)-holomorphic maps S — * X with n marked points and let M.cM.n{X, d) 
denote its c-real locus. Let r : H2{X) H2{X, L). We have just shown there 
exists a canonical map 

W M^^{L, S', d') ^ KM'n{X, S, d). 

k,|fc|=n 
d',2(i'=r(d), 

If (S', z/|s') is not biholomorphic to (S',z/|j^')5 this map is 1 : 1 on the open 
stratum. If (S', is biholomorphic to (S', z^l^')' then restricted to the open 
stratum, this map is a 2 : 1 covering map. As an immediate consequence, we 
have the following proposition: 

Proposition 1.7. //(S', z/|s/) is not biholomorphic to the number 

of c-real {J,v)-holomorphic maps S — X intersecting n generic real points 
of X is bounded below by 

N^',d',Ki- (4) 

k,|A:|=n 
d',2d'=j,d, 
Y:a<i'a=dd' 

If{^', i^It.') is biholomorphic to (S', t^l^'), then we should take one half of ^ 
as a lower bound instead. 

In \21\ 122 121] ; for strongly semi-positive real symplectic manifolds, Wel- 
schinger defined invariants counting real rational J-holomorphic curves in- 
tersecting a generic 0-invariant collection of marked points. Unlike in the 
usual definition of Gromov-Witten invariants, which depends on intersec- 
tion theory on the moduli space of J-holomorphic curves, Welschinger de- 
fined his curve count by assigning signs to individual curves based on certain 
geometric-topological criteria. However, it turns out that Welschinger's in- 
variants admit the following intersection theoretic interpretation: 

Theorem 1.8. Let X be a strongly semi-positive real symplectic manifold 
satisfying the assumptions of Theorem Then the numbers N£,2^^^^ i are 
twice the corresponding Welschinger invariant. 
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1.4 An overview of the paper 

In Section 121 we define the notion of a Caucfiy-Riemann Pin boundary value 
problem, and prove that the determinant of the associated Fredholm operator 
admits a natural orientation. Furthermore, we examine how this orientation 
is effected by certain changes in the underlying boundary value problem and 
determine when it is preserved by the conjugation morphism. In Section El 
we apply the results of Section |21 to the determinant bundle of the B operator 
over the moduli space of W^'^ maps (E, 812) (X, L). Section HI explains the 
precise definition of the moduli space of stable maps we consider, concludes 
the proof of Theorem ll.H and rigorously defines the invariants. Section 
calculates the sign of the involution 02 of Section 11.11 on the boundary of 
the moduli space. In Section [HI assuming that the Maslov index of all bub- 
bles is strictly positive, we analyze the boundary of the moduli space and 
use the results of Section El to prove Theorem 11.31 Section |7| employs the 
Kuranishi structure developed in jHl Ej to treat the case when the Maslov 
index of bubbles may be 0. For the reader who is not familiar with Kuranishi 
structures, we summarize the relevant definitions and ideas in Appendix 1X1 
Finally, in Section we introduce the notion of a short exact sequence of 
Cauchy-Riemann boundary value problems. We determine how the associ- 
ated isomorphisms of determinant lines behave with respect to the orientation 
of Section |21 and apply the results to prove Theorem 11.81 and Example 11.61 

The author circulated an announcement of the results of this paper and 
began giving talks about it in late 2005. Late in the preparation of the full 
manuscript, the author learned of work of Cho jl] that addresses Theorem 
11.31 in the strongly semi-positive genus case when L is orientable. 
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2 Orienting Cauchy-Riemann operators 

In this section we analyze the choices necessary to orient the determinant of 
a real-hnear Cauchy-Riemann operator. In the following, we use the symbol 
r to denote an appropriate Banach space completion of the smooth sections 
of a vector bundle. The exact choice of completion will not be important. 
If V B is a vector bundle, we denote by "^{V) the principal 0{n) bundle 
with fiber a.t x & B given by the set of orthonormal frames in V^. We call 
diy) the frame-bundle of V. 

Definition 2.1. A Pin"^ structure p = {P,p) on a vector bundle V ^ B 
consists of principal Pin^ bundle P ^ B and a Piri^{n)-0{n) equivariant 
bundle map 

A morphism of vector bundles with Pin structure (f) : V ^ V is said to 
preserve Pin structure if there exists a lifting 0, 



Definition 2.2. A Cauchy-Riemann Pin boundary value problem 

D^{i:,E,F,p,D) 

consists of 

• A Riemann surface E with boundary 812 — Y[^=i{^^)a, (^^)a — -S"^- 

• A complex vector bundle £■ — > E. 

• A totally real sub-bundle over the boundary 

F ^E 

9E >E. 

• A Pin^ structure p on F. 
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• An orientation of -F|(as)a for each a such that is orientable. 

• A differential operator 

D:r{{j:,d),{E,F))^r{j:,Q''\E)), 

satisfying, for ^ G T ((S, 9), {E, F)) and / G M), 

Such a D is known as a real-linear Cauchy-Riemann operator. 

When it does not cause confusion, we will refer to such a collection by the 
operator alone, i.e. D, leaving the domain and range implicit. 

Definition 2.3. A morphism of Cauchy-Riemann Pin boundary value prob- 
lems 4> '■ consists of 

• A biholomorphism / : S ^ S'. 

• A morphism of bundles (p : E E' covering / such that (f)\ds takes F 
to F' and (f) o D = D' o 0. 

Such a morphism is called an isomorphism if (j) is an isomorphism of vector 
bundles preserving Pin structure and preserving orientation if F, F', are ori- 
entable. When it causes no confusion, we may refer to such a morphism by 
the bundle-morphism component alone, i.e. 0. 

Definition 2.4. We define the determinant line of a Fredholm operator D 
by 

det{D) := A'""''(ker D) ® A'""''(coker D)*. 

If D is a family of Fredholm operators, then we denote by det{D) the corre- 
sponding line bundle with the natural topology, as explained in, for example, 
[T71 appendix A. 2]. 

We now briefly recall the definition of the Maslov index fi{E, F) of the 
vector bundle pair {E, F) appearing in the definition of a Cauchy-Riemann 
boundary value problem in the case that dT, ^ 0. Indeed, if 9S ^ 0, we may 
trivialize E over E. Writing 

m 
a=l 
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the restriction of F to each boundary component {dT,)a defines a loop of 
totally real subspaces of C". The Maslov index /Iq of such a loop was defined 
in We define 

m 

fl{E,F) = Y,f^a. 

a=l 

It is not hard to see that although fia may depend on the choice of trivializa- 
tion of E, the sum fJ.{E, F) does not. On the other hand, fia is well defined 
(mod 2), and coincides with the first Steifel- Whitney class Wi • To 

properly understand the results of this paper, it is useful to know the follow- 
ing topological classification of vector-bundle pairs {E,F). 

Lemma 2.5. Two vector bundle pairs {E, F) and {E', F') of the same di- 
mension admit an isomorphism 




if an only if 

f^{E,F) = fi{E',F'), wi{F) = w^iF'). 

Now, we describe a canonical orientation for the determinant line of a 
number of special examples of Cauchy-Riemann operators. Let r CP^ 
denote the tautological bundle. Let c' : CP^ CP^ and : t ^ t denote 
the automorphisms induced by complex conjugation. The fixed points of c' 
are simply MP^, and they divide CP^ into two copies of D'^. We define 
to be the fixed points of c' on r|iRpi. Furthermore, let C" D'^ denote the 
trivial bundle and let M*^ ^ C" denote the canonical trivial real sub-bundle. 
We define basic Cauchy-Riemann Pin boundary value problems 

m,n) := (D2,CM",Do,n,Po). 

Here, the Pin^ structure po is canonically induced by the splitting into line 
bundles. On the other hand, p_i is not canonical per se, but we fix one choice 
and remain with it for the rest of the paper. D_i n and Do,n are taken to be 
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the standard Cauchy-Riemann operators on these bundles. Since -D-i,n and 
Do,n are surjective, we have 

det(D_i,„) = A-^'=(ker(D_i,„)) = A'—iW"-'), 
det(Do,n) = A-"^'=(ker(Z}o,n)) = A"^^'=(M"). 

So, det(Z^_i,„) and det(i5o,n) admit canonical orientations. 

Finally, we will need the following special automorphisms Q{i) of the 
bundle pair (C^ M^) {D^, dD^). We define the restriction of Q{i) to 
dD^ to be given by a loop in S0{2) with homotopy class i G 7ri(0(2)) ~ Z. 
We define Q{i) to be an arbitrary extension of this automorphism over the 
inside of using the fact that the inclusion S0{2) ^ U{2) induces the 
trivial map on the fundamental group. 

Lemma 2.6. Ifn>3, automorphisms of the bundle pair 

(C",l") ^ {D^,dD^) 

preserving Pin structure and orientation are all homotopic to the identity. 
If n = 2, automorphisms preserving Pin structure and orientation are ho- 
motopic to Q(2i), z G Z. For all n, there are two homotopy classes of auto- 
morphisms of 

(r © C"-\ TM © M"-i) ^ (D^, dD'') 

preserving Pin structure. One is homotopic to the identity and the other is 
homotopic to — Idj. © Idc" . 

Remark 2.7. The assertions of Lemma f2. 61 are clearly true when n = 1 with- 
out any reference to Pin structure. This is not surprising because all auto- 
morphisms of a real line bundle preserve Pin structure. 

Proof of Lemma \2. 61 For the trivial bundle pair (C",M"), homotopy classes 
of automorphisms preserving orientation are classified by ( f/ (n), S'O(n)), 
which is easily calculated from the homotopy long exact sequence of the pair. 
In the case n > 3, we have 

vr2(f/H) -7r2(f/(n), SO{n)) vri(50(n)) 7ri(f/(n)). 

Z/2Z 
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The automorphisms preserving Pin structure map to G 7ii{S0{n)) so they 
are all homotopic to the identity. In the case n = 2, we have the same exact 
sequence, but 7ii{SO{2)) ~ Z and hence 7r2(f/(2), 50(2)) ~ Z. The automor- 
phisms preserving Pin structure map to the subgroup 2Z C Z ^ 7ri(5'0(2)). 
On the other hand, by definition, exactly one of the automorphisms Q{2i) 
maps to each element of the subgroup 2Z, implying the claim. 

In the case of a non-trivial boundary condition, we will have to make a 
more explicit argument. Most of the work will be devoted to showing that 
the claim of the lemma is true for homotopy classes of automorphisms of the 
boundary condition alone. To verify this, we construct a convenient model 
for the boundary condition TkSM.'^"^. Indeed, let ri G 0{n) be the reflection 
that acts on M" by 

r{Xi, X2, . . . , Xn) = {—Xi, X2, ■ ■ ■ , Xn)- 

We identify 

tm © ^ X [0, l]/(x, 0) ~ (ri(x), 1) 

dD^ [0, l]/0 ~ 1. 

Let TT : Pin{n) 0{n) denote the covering map. Letting denote the 
standard basis vectors in M", and thinking of Pin{n) as the group generated 
by the unit vectors in the Clifford algebra, we have 7r(ei) = ri. So, we may 
define a Pin structure on tm ©M"'"^ by Diagram [TJ Here, ■ denotes Clifford 

P Ptn{n) X [0, l]/{p, 0) ~ (ei ■ p, 1) 

TTXld 

. t 

^(r © M"-i) — ^ Gin) x [0, l]/(o, 0) ~ (r^o, 1). 
Diagram 1 

multiplication. It follows that an automorphism of P is given by a map 

a : [0, 1] Pin{n) 

such that 

ei ■ a{0) = a{l) ■ ei. (5) 
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In particular, we see that Idr^ © Wjjn-i lifts to the identity automorphism of 
P, and — Mt-j. © Idifjn-i lifts to the automorphism of P given by a{t) = ei. 

We claim that up to homotopy, these arc the only two possibilities. First 
we consider the case n > 3. Indeed, noting that Pin{n) has two components, 
one containing Idpj„(„) and the other containing ei, it suffices to show that 
if automorphisms a and a' map to the same component of Pin{n) then they 
are homotopic through automorphisms. Indeed, connect a(0) to a'(0) by an 
arbitrary path h. Connect a(l) to a'(l) by ±ei -fe-ei, where the sign depends 
on whether we work in Piri^ or Pin~ . The resulting loop is null homotopic 
by the simply-connectedness of each component of Pin{n). Reparameterizing 
a nuU-homotopy, we obtain a family of automorphisms connecting a and a' 
as desired. 

We turn to the case n = 2. Since Pin{2) is not simply-connected, we must 
be more carefully. Indeed, topologically, Pin{2) ~ ^^JJ^^. One component 
consists of spinors of the form cos{6) + sin{6)ei • ei and the other consist of 
spinors of the form cos{&)e\ + sin(^)e2. So, if we think of as the complex 
numbers of unit length, conjugation by e\ acts by complex conjugation on 
each component of Pin{2). So, an automorphism of P is given by a path in 
one of the two copies of with complex conjugate endpoints. It suffices to 
show that any such path is homotopic through similar paths to the constant 
path at ±1 or ±ei. Indeed, 7r(±l) = Id^TjeR and 7r(±ei) = — Mtr ©Hr . So, 
consider the covering map M. ^ given by a; e^'^'^. Given a path in 
with conjugate endpoints, we may lift it to path 

such that x(0) = —x{l) (mod 1). Since either 

x{Q)+x{l)^^ . ^ ^, x{0)+x{l)^l , ^ ^, 

^ ' ^ ' = (mod 1) or ^ ' ^ ' ^ - (mod 1), 

linear interpolation between x and ^(°)+^(^) yields a homotopy Xt such that 

a;t(0) = — Xf(l) (modi), Xq{s)=x{s)^ a;i(s) = or ^ (modi). 

z 

Then 7r(xf) yields the desired homotopy of a. 

Now we extend our conclusion to automorphisms of the pair. Trivializing 
r © C"^~^ over D^, we may identify an automorphism of r © C"~^ with a map 



A : ^2 ^ [/( 
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We are interested in A that preserve tr ® M"~^ over dD'^, such that the in- 
duced automorphism of trSR"^"'^ preserves Pin structure. By the preceding 
calculation, two examples are given by Id^ © Id^n-i and — Id,- © Id^n-i . We 
claim that up to homotopy these are the only two examples. Indeed, given 
A, choose a hft of the induced automorphism on tr ® to P and denote 
it by a. As just proved, a is homotopic to either Idpi„(„) or ei. Denote the 
homotopy by 

B : [0, 1] ^ Aut{P), B{0) = a, B{1) = Idp,„(„) or e^. 

We will construct a homotopy from A to A' : — > U{n), where A' corre- 
sponds to the automorphism 

Id-r © Idj-n-i or — Id-j- © Idj-n-i 

as B{1) — Idpi„(„) or B{1) — ei respectively. Indeed, composing with the 
given covering map, B defines a path 

B : [0, 1]^ AutiTn^W"-^). 

Denote by 

i : Aut{m © ^ Aut{T © C""^|ac2) 

the inclusion given by complexification. Restricting the previously mentioned 
triviahzation of r © C""^ to we may identify the path io B with a map 

B : [0,1] X dD^ U{n). 

Capping off this cylinder with the disk A at one end and the disk A' at the 
other end, we obtain a map S'^ — > U{n), which is well known to be nuU- 
homotopic. Reparameterizing a nuU-homotopy gives the required homotopy 
through automorphisms from A to A' . All these automorphisms preserve the 
boundary condition and its Pin structure by the construction of ^. □ 

Proposition 2.8. The determinant line of a real-linear Cauchy-Riemann 
Pin boundary value problem D_ admits a canonical orientation. If <p '■ 
is an isomorphism, then the induced morphism 

: det(L>) ^ det(L>') 

preserves the canonical orientation. Furthermore, the canonical orientation 
varies continuously in a family of Cauchy-Riemann operators. That is, it 
defines a single component of the determinant line bundle over that family. 
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Proof. Near each boundary component (9E)a choose a closed curve ho- 
motopic to ((9S)a. Degenerate S by contracting the curves to points to 
obtain a nodal surface S. S consists of one closed component S, a disk 
corresponding to each boundary component ((9S)a and a nodal point % cor- 
responding to each curve ja- There exists a continuous map tt : S ^ S which 
is a smooth diffeomorphism away from the nodal points 7a. So, we may define 

F=(7r|(aE)J-'*F. 
At the same time, degenerate ii^ to a vector bundle E such that 

^1 /(reC"-'.r,el"-') it»i(F||8s,.) = l 

(£U.,F|aAj-|,j,„^„j ifu,(F|,«.,J=0. 

We choose the isomorphism ® to preserve orientation in the orientable case. 
Moreover, if n > 2 we choose isomorphism ® to preserve Pin structure. If 
n = 1, we cannot always choose isomorphism © to preserve Pin structure. 
We compensate for this difference at the next stage of the construction. 

Equip E\Aa with the Cauchy-Riemann operator Da induced by the iso- 
morphism © from -D_i,n (resp. -Do,n)- The isomorphism © induces an 
orientation on det(Da) from the canonical orientation of det(-D_i,n) (resp. 
det(Do,n))- If n = 1, and isomorphism (jH)) does not preserve Pin structure, 
reverse the induced orientation on det{Da). Choose a Cauchy-Riemann oper- 
ator D on ^li^. Equip det{D) with the canonical complex orientation. Define 
an operator 

(i^, :r(E|A.,F|aAj©r(i|£)^E^„ 

by 

d%{t v) = a%) - v{%), e e r(EU„, f\9aJ, v e r(^|^). 

Gluing the Da with D at 7^ we obtain a Cauchy-Riemann operator ^aP'ai^D 
on E along with an isomorphism of virtual vector spaces 

index [j^aDai^D) ^ index i^Da®D®@dA, 

\ a a J 

or equivalently, an isomorphism 

deti^aDai^D) ^ 6d detiDa) ® det(D) ® (S?) det(E^J*. (7) 
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Since the space of Cauchy-Riemann operators on E is contractible, choosing 
a one-parameter family with Dq = D and Di = ^aDai^D and triviahzing 
the hne bundle det(Dt) over the family induces an orientation on det{D). 

We claim that the orientation induced on det(Z)) is independent of the 
choice of isomorphism ©, the choice of D, and the choice of D^. First, we 
prove the independence of the choice of D^. Indeed, since the space of Cauchy- 
Riemann operators on E is contractible, given any two families and D^, 
we can construct a homotopy between them 'Ds,t, such that 

Dot = Bt, B^t = B[. 

Trivializing det(Dj^s) over the homotopy proves that Dt and Dj give the same 
answer. 

Now we turn to proving independence of the choice of isomorphism (jHI) 
and the choice of D. Another choice of isomorphism (jH)) would induce a 
different operator D'^ in place of Da- Also, let D' be another Cauchy-Riemann 
operator on E\j^. We prove that these new choices induce the same orientation 
on D. Choose homotopies Y)a,t and such that 

Ba,i=Da, B^i=Dl I)i=D, t)i=D'. 

We choose the family Dt so that, as before, Dq = D and Di = ^aDaH^D, 
but we require also that 

Dt = #,D,,t#D;, t e 

Since this choice of Dt is as good as any other, it remains only to show that 
the orientation on det(D^) induced by the isomorphism 

det{D'J ^ det(A,n), i = -1 or 0, 

agrees with the orientation induced from det{Da) by trivializing det(Da,t) 
over the interval Similarly, we must show that the complex orienta- 

tion on det{D') agrees with orientation induced from det{D) by trivializing 
det(Dt) over the interval [|, 1]. The latter agreement follows from the com- 
patibility of the topology of the determinant bundle over a family with the 
canonical complex orientation. To see the former agreement, note that the 
isomorphism (jH)) is determined up to an automorphism preserving Pin struc- 
ture of the right hand bundle pair. In the orientable case where n > 3, by 
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Lemma \2.(r)\ all such automorphisms are homotopic to the identity. So, we 
may assume that T)a,t is induced by a family of automorphisms. Then, it 
suffices to note the that the determinant bundle is tautologically trivial over 
a family of gauge-equivalent operators. The case n = 2 may be reduced 
to the higher dimensional case by stabilizing by a copy of the trivial bundle 
pair. Indeed, Q{2i)(Bld^ is homotopic to Idj^s . In the non-orientable case, we 
need to consider the additional possibility that the automorphism is homo- 
topic to — Idr © Idc'i-i . But — Id,- © Id^n-i clearly preserves the orientation 
of det(-D_i), so this possibility does not effect the argument. The remaining 
claims of the lemma follow immediately from the construction. □ 

Lemma 2.9. If the boundary condition -F|(aE)a is orientable, then reversing 
the orientation on -F|(aE)a ''^^^^ change the canonical orientation on det(Z^) 
given in Proposition \2. M 

Proof. This is an immediate consequence of the proof of Proposition l2.8l □ 

In the following lemmas, we use the fact that H^{B, Z/2Z) acts naturally 
transitively on the set of Pin structures on a vector bundle V ^ B. See [TT] . 

Lemma 2.10. Changing the Pin structure p of a Cauchy-Riemann Pin 
boundary value problem by the action of the generator of 

H^{{dT,)a,Z/2Z) ^ H\dJ:,Z/2Z) 

reverses the canonical orientation of Proposition 

Proof. By the proof of Proposition 12 .81 it suffices to consider the special cases 
D.{—^,n) and :D(0,n). If n = 1, Lemma (2. 101 is tautological. So, we assume 
n > 2. For the case D_{0,n), see jSl Remark 21.6]. For the case D_{—l,n), it 
suffices to show that 

A := Id^© -Idc©Idcn-2, 

which clearly reverses the orientation of det(D_i), does not preserve Pin 
structure. We use the identification of Diagram[T]to show that that A|^^]jn-i 
does not lift to an automorphism of P. Indeed, let r2 G 0{n) be the reflection 
that acts on M" by the formula 



r2{Xi,X2, X3,..., Xn) = {xi, -X2, X3, . . . , 
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and, as before, let vr : Pin{n) — * 0{n) denote the canonical covering map. 
The automorphism acts on "^{t^ © R."""*^) by the explicit formula 

(o, t) {r20,t). If this automorphism were to lift to P, it would be given by 
left-multiplication by a G Pin{n) such that 7r(a) = r2. So, thinking of Pin{n) 
as the group generated by the unit vectors in the Clifford algebra, we would 
have a = ±62. But this contradicts condition (0), since 

ei ■ 62 = -62 ■ ei. □ 

We now introduce a lemma that will play an important role in under- 
standing the significance of relative Pin structures. Note that any real vector 
bundle over a Riemann surface with non-empty boundary E admits a Pin 
structure because S deformation retracts to a wedge of circles. 

Lemma 2.11. Let V ^ H be a real vector bundle over a Riemann surface 
with boundary. Consider Z2 = (S, V ^C, Vlgs, p, D). The canonical orienta- 
tion ofdet{D) is the same for any p that arises by restricting a Pin structure 
for V over S to 9S. 

Proof. Let i : 9S — » S denote the canonical inclusion. By Lemma I2.im 
it suffices to show that any change of Pin structure over E would change 
the Pin structure over 9S by the action of the sum of the generators of 
H^[[dll)a) for an even number of components of 9S. Now, any two 

Pin structures of V over S may be related by the action of if^(E,Z/2Z). 
So we may equivalently show that for all a G H^{T,) we have i*a(9E) = 
(mod 2). But this follows immediately because with Z/2Z coefficients i* is 
the dual of z*, and tautologically i^,([c)S]) =0. □ 

Now, we will calculate the sign of conjugation on the canonical orientation 
of the determinant line of a Cauchy- Riemann Pin boundary value problem. 
More precisely, given a Riemann surface S, let E denote the same topological 
surface with conjugate complex structure, and let 

t : S ^ S 

denote the tautological anti-holomorphic map. Similarly, let {E, E) denote 
the same real bundle pair with the opposite complex structure on E, and let 

T: E-^E 
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denote the tautological anti-complex-linear bundle map. Furthermore, a 

Cauchy-Riemann operator D on the bundle E H is the same as a Cauchy- 
Riemann operator D on the bundle E ^ H. So, given any Cauchy-Riemann 
Pin boundary problem D, we may construct its conjugate D. Clearly, we 
have a tautological map of Cauchy-Riemann Pin boundary value problems, 

r{Q^'\E)f^r{fi^^\E)) 



D 



D 



r{E,F)^^r{E,F) 

which we denote by 

T:D^D_. 

In the following proposition, we denote by go the genus of 1^/812 and we write 
n = dime E = dimjj F. 

Proposition 2.12. The sign of the induced isomorphism 

T : det(D) det(D) 

relative to the canonical orientation is given by 



+ 53«.i(F)((9E).)«.i(F)((aE)t) mod 2, 



a<b 

for a Pin'^ structure and 

St{D) := ^^^^ ^ ^ + (1 - go)n + mn 

+ ^wi(F)((aE)„)wi(F)((aS);.) +wi(F)(aE) mod 2, 

for a Pin" structure. 

Remark 2.13. When S = D^, since n{E,F) ^ wi{F){dT.) (mod 2), we have 
the relatively simple formula 

^.(^) ^ £(£,£MWi) (8) 
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Before proving the Proposition, we will need the following lemma. 

Lemma 2.14. The map T : D.i—^,n) — > D.i~^jfi) preserves orientation if 
p_i is Pin^, but not if p-i is Pin~ . 

Proof. In this proof, and later in this paper as well, we will need to make use 
of the anti-holomorphic involution, 

c:CP'^ CP\ [zo : z,] ^ [zo : -z,] 

and the natural involution c of the tautological bundle r covering c. We 
note that c preserves the two hemispheres of CP^ which lie on either side of 
MP^ C CP^. So we may restrict c, c, to either of the hemispheres C CP^, 
and we denote the restriction as well by c, c. Furthermore, let C denote the 
bundle morphism of the trivial bundle C — > CP^ covering c that acts on 
the fiber by complex conjugation. The lemma will follow immediately from 
Proposition 12.81 if we show that 

c © C®"-^ : D{-l,n) D{-1, n) 

is an isomorphism of Cauchy-Riemann boundary value problems in the Pm"*" 
case whereas 

c © -C © C®"-2 : D{-l,n) ^ D{-1, n) 

is an isomorphism in the Pin~ case. We treat only the Pin~ case since the 
Pin~^ case is very similar and not as interesting. The only property of being 
an isomorphism of Cauchy-Riemann boundary value problems which is not 
immediately evident is the preservation of Pin" structure. To verify this, we 
again work with the explicit model of Diagram □ for ^?(rM © 1"-^) and P. In 
this model, it is not hard to see that at the level of the frame bundle, 

(5 © -C © (o, t) = (nrao, 1-t). 

So, a lifting of this map to P must act by 

(p, t) (a ■ p, 1 - t) 

where a G Pin~{n) such that n{a) = rir2- It remains to check that this 
lifting respects the equivalence relation defining P. Indeed, (p, 0) and (ei -p, 1) 
represent the same point in P, so we must have 



(a-p, 1) ~ (a-ci -p, 0). 
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But that is the same as 

a = ei ■ a ■ ei. 

Choosing, for example, a = ei ■ 62, and using the Chfford multiphcation of 
Pin~ , we verify 

ei ■ ei ■ 62 ■ ei = -62 ■ ei = ei ■ 62- □ 

Proof of Proposition \2.1^ The strategy for the proof is to degenerate E and 
E as in the proof of Proposition l2.8l and then treat each irreducible component 
of the resulting nodal Riemann surface S separately. Let 77 be the number 
of boundary components {dT,)a for which Wi(F)(((9S)a) = 1 (mod 2). Then 
the first Chern class of the bundle E \ ^ from the proof of Proposition 12.81 is 
given by 

fi{E,F)+7] 



Abbreviating /i = fi{E,F), we calculate 

/^(^+ 1) _ f^ + V ^[^_V 
2 2 2 2 

n2 



7] — 7] 



^ 5^wi(F)((9S),)wi(F)((9S)fe) (mod 2). 

Here, the second congruence uses the fact that /z^ ~ rf (mod 4). So, with D 
as in the proof of Proposition 12. 8( the Riemann- Roch theorem gives 

indexc(l5>) = ci (-^Is) + ^(1 - 9o) 

+ ^Wi(F)((SE)„)u.i(F)((SE)i) (mod 2). (9) 

We now tally the sign of conjugation on each of the tensor factors on the 
right-hand side of equation (jZj). Note that conjugation on a complex virtual 
vector space leads to a sign change which is exactly its dimension (mod 2). 
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So, conjugation changes the orientation of det{D) in accordance with the 
formula ©• Similarly, conjugation changes the orientation of l^^det{E^^) 
by hn. The orientation change for det{Da) was calculated in Lemma [2 . 1 41 and 
accounts for the difference between and s^. □ 

Definition 2.15. A short exact sequence of families of Fredholm operators 

0^ D' ^ D" ^0 

consists of a parameter space B, short exact sequences of Banach space bun- 
dles over B, 

^ X' ^ X ^ X" ^0, 
^Y' ^Y" ^ 0, 



and Fredholm Banach space bundle morphisms 

D:X^Y, D' -.X' ^Y', D" : X" 
such that the diagram 



Y'\ 




commutes. 

Lemma 2.16. A short exact sequence of families of Fredholm operators 

0^ D' ^ D" ^0 

induces an isomorphism 

det{D') ® det{D") ^ det{D). 

3 Orienting moduli of open stable maps 

First, we set the basic assumptions which will hold throughout this section. 
Let {X,uj) be a symplectic manifold with dimX = 2n and let L C X be a 
Lagrangian submanifold. In the following, we assume L is relatively Pin^ 
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and fix a relative Pin structure p on L. Furthermore, if L is orientable, fix 
an orientation on L. Let (S, 9S) denote a Riemann surface with boundary 
and assume 812 = Y[^=i{^'^)a, where (9E)a ~ S^. Now, for 

d = (d, di, . . . , dm) e H2(x, L) e //i(L)®"^, 

define B^'P{L, S, d) to be the Banach manifold of W^'^ maps 

u : (E, aE) ^ (X, L) 
such that ii*([E,9E]) = d and ii|(9s)a*([(95])a]) = da- Furthermore, define 
B'^jm E, d) := B^'^m E, d) X Hl^S)'" X \ A. 

a 

Each factor of ((9E)a in the preceding product corresponds to a marked point 
on (9E)a, and each factor of E corresponds to a marked point on E. A denotes 
the subset of the product in which two marked points coincide. We will use 
z = (zai) and w = (wj) to denote marked points in dH and E respectively, 
and we use u = {u,z,w) to denote elements of 5^'^(L, E,d). Note that we 
may occasionally omit the L, E, d, from the preceding notation when it is 
clear from the context. There exist canonical evaluation maps 

evbai : M]^,i{L, E, d) L, i = 1 . . . k^, a = 1 . . .m, 
evij : Mk,i{L, E, d) ^ X, j = l...l, 

given by evbai{u) = u{zai) and evij{u) — u{wj). We note that the above 
notation is also used for the evaluation maps from the moduli spaces of 
holomorphic curves, which are just restrictions of the maps above. 
Define the Banach space bundle £ S^'f (L, E, d) fiberwise by 

£u -.^ LP{E,n^'\u*TX)) 

for u e -Bk'J(L, E, d). Now, fix J e J^, and u eV. Let 

a(,,,):5^'|(L,E,d)^^ 

denote the section of £ given by the //-perturbed Cauchy Riemann operator. 
Using the canonical identification between the vertical tangent spaces of £ 
and £ itself we define 



D:^ Dd^j,,y.TB'^f^{L,E,d)^£ 
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to be the vertical component of the hnearization of We will denote 

linearization at any given u G by D^. Finally, define C B]fi{L, E, d) 
to be the determinant line bundle of the family of Fredholm operators D, 

C := det(D). 

The following proposition is a basic ingredient in the proof of Theorem 
11.11 Suppose either L is orientable and provided with an orientation or 
ka = wi{da) + 1 mod 2. 

Proposition 3.1. The combination of an orientation of L if L is orientable 
and the choice of relative Pin^ structure p on L canonically determine an 
isomorphism of line bundles 

C ^ (^evbl^det{TL). 

a,i 

Proof. Clearly, the proposition will follow immediately if we succeed in pro- 
viding 

C := C^(^evbl^det{TLy 

a,i 

with a canonical orientation depending only on the orientation of L and p. We 
observe that it suffices to canonically orient the fiber C'^ over each u G -B^f 
individually in a way that varies continuously with u. 

Recall that the relative Pin structure of L specifies a triangulation of 
the pair {X, L) . Using simplicial approximation, we homotope the map u : 
(E, aE) ^ (X, L) to a map u : (E, 9E) ^ L^^)). Denote the homotopy 

by 

$ : [0,1] X (E,9E) (X,L). 

We claim that the choice of $ is unique up to homotopy. Indeed, suppose 
is another such homotopy. Concatenating $ and we obtain a map 

$#<l>':[-l,l]x(E,9E)^(X,L). 

By simplicial approximation we may homotope $7^$' to map into 
Reparameterizing this homotopy, we obtain a homotopy from $ to We 
denote the homotopy from $ to $' by 

vI/:[0,l]2x(E,9E)^(X,L), 
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such that, 

^(0,t) = $(t), ^(l,t) = $', ^{s,0)=u. 
Now, define 

B' ■.= {{u,z,w) G Bl^P\u: ^ (X^^^^, L^^'))} . 

We now prove that the homotopy uniqueness of $ imphes that it suffices to 
orient C'\b'- Indeed, think of $ (resp. as a map from [0, 1] (resp. [0, 1]^) to 
-Bj^f. Given an orientation on C'\b', triviahzing induces an orientation 
of This orientation agrees with the orientation induced by any other 
homotopy because we may triviahze We note that the orientation 

on £y thus induced varies continuously with u. Indeed, given a one parameter 
family Uj G -B^'f we may choose a homotopy of the one-parameter family $i 
and trivialize ^^C. 

We turn to orienting C'\b'- The relative Pin structure of {X, L) provides 
a vector bundle V — > X^^^ and a Pm^ structure on V^|i(3) © TL|^(3). We 
introduce the shorthand notation 

Vi:=V^L(3), Vc:=V^®C. (10) 

Again, it suffices to canonically orient each individual line C'^ for u G -B' in 
a way that varies continuously in families. Let Dq be an arbitrary Cauchy- 
Riemann operator on u*V ® C. We consider the operator © Dq, 

TB]lj © W^^^{u*Vc.u*Vn) © LP{n^^\u*Vc)) 

II II 
iyi'P(M*(TX © Vc), u\*Q^{TL © Vk)) © Ml'^l © LP{Sf^\u*{TX © Vc))). 

Clearly, there exists a short exact sequence of Fredholm operators 

^ ^ /^u © /^o ^ ^0 ^ 0. 

So, by Lemma f2. 161 there exists a natural isomorphism 

det(Du) ^ det(Du © ^o) © det(Do)*, 

and, after tensoring on both sides by (^"^Ki 'i6t(TL)*)^ , 

C'^ = det(Dj © (g) (et;6:, det(rL)*)^ 

a . i 

~ det(D, © Do) © det(Do)* © (g) (et;^:, det(TL)*)^ . 
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Choose a Pin structure po on u*V —>■ S and define po to be its restriction 
to m*Vm —>■ dTj. By Lemma 12.111 the canonical orientation that the Cauchy- 
Riemann Pin boundary value problem 

induces on det(Do) does not depend on the choice of po- So, it suffices to 
orient 

C'^ ® det(Do) ~ det(D, © Do) ® (g) {evhl, det(TL)*)^ . (11) 

Note that by pull back, the relative Pin structure on L gives a Pin structure 
on u\*QY,iTL © Vr), the boundary condition for Q) Dq. If L is orientable 
and given an orientation, since by definition V has an orientation, we have 
an induced orientation on u\qy.(TL © Vk). So, by Proposition 12. 8[ we have a 
canonical orientation on det(Du©-Do). Since the orientation of L is equivalent 
to an orientation of det (TL), we have given everything on the right-hand side 
of equation (|lip a canonical orientation. 

If L is not orientable, choose an arbitrary orientation on {evb'^iTL)^ for 
each a such that ka 7^ 0. The complex structure on S induces a natural 
orientation on S and hence on {d'E)a for each a. For each a and each i G [2, ka], 
triviahzing u\qy,TL along the oriented line segment in (5S)a from Zai to Zai 
induces an orientation on {evb*iTL)u- In the case that u\*^gj.-^^TL is orientable, 
the choice of orientation on {evb*iTL)u induces an orientation on u\*qy:) 
By Proposition 12.81 an orientation on u\*^g-^^^TL if orientable together with 
the chosen orientation on Vr and the previously mentioned Pin structure 
induces a canonical orientation on det{Du © -Do) and hence the whole right- 
hand side of (jlip is oriented after these choices. 

Note that changing the orientation on {evb'^^TL)■^^ will change all the 
orientations it induces. By Lemma 1231 the condition ka = Wi{da) + 1 mod 2 
now implies that changing the orientation on any given {evbl^iTL)^ would 
make no difference because the total number of ensuing orientation changes 
would be even. Finally, the choice of Dq is irrelevant because the space 
of real-linear Cauchy-Riemann operators on u*V is contractible. Since the 
argument for orienting C'^ applies word for word for a one-parameter family, 
we have indeed canonically oriented C'\b'- □ 

At this point, we will modify the canonical isomorphism 

£ ^ (^evblidet{TL) 
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we constructed in the proof of Proposition lH.il Indeed, B^^i(L, S, d) consists 
of many connected components, at least one for each ordering of the marked 
points on their respective boundary components. Let 

W = {U>i, . . . , Wm) 

where Wa is a permutation of the integers 1, . . . ,ka. Define 

sign(tj7) := ^sign(G7a). 

a 

Let 

denote the component of B^'^^L, S, d) where the boundary marked points 
(Zai) are ordered within 9S by the permutations w. 

Definition 3.2. When dimL = (mod 2) we define the canonical isomor- 
phism 

C ^(^evblidet{TL) 

a,i 

to be the isomorphism constructed in the proof of Proposition 13.11 twisted 
by (— l)^'sn(ro) Qygj, j^Y^Q component of the moduh space i?^f ^(L, E, d). If 
dimL = 1 (mod 2), then we define the canonical isomorphism to be simply 
the isomorphism constructed in the proof of Proposition 13.11 

Now, we move on to orienting moduli spaces of stable maps. We will 
restrict attention to stable maps of two components, one of which is the 
original Riemann surface S, and the other of which is a disk bubble. This 
will suffice for the purposes of this paper. However, it is not hard to extend 
the results below to stable maps of arbitrarily many components of arbitrary 
topological type. 

We consider the case that a disk bubbles off the boundary component 
{d'E)b along with k" of the marked points on {dT,)h and /" of the interior 
marked points. Let 

k '.= ki, A; , k := (/ci, . . . , , . . . , k^)- 

Let /' + /" = /. It will turn out to be convenient to keep track of exactly 
which marked points bubble off. So, let cr C [1, kj,] denote the subset of 
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boundary marked points that bubble off and let a'^ denote its complement. 
Furthermore, let g C [1,/] denote the set of interior marked points that 
bubble off and let g"^ denote its complement. Let 

d' = {d', di,...,dl..., dm) e H2{x, L) e //i(L)®-, d" e H^ix, L), 

satisfy 

d' + d" = d, c^; + dd" = db. 

We will need to add an extra marked point to each of the two irreducible 
components of the stable map in order to impose the condition that the two 
components intersect. We denote by Zq the extra marked point on E and by 
Zq the extra marked point on D^. We will use the notation 

k' + Cft = {ki, . . . ,k' + 1, . . . ,km)- 

We define the space of W^'^ stable-maps with this combinatorial data to be 
the fiber product 

d', d") := E, d') x,,„,. 5^;f^i,„(L, L>^ d"). 

Elements u e ^^'^^^^^^(L, E, d', d") take the form 

u = (u', u"), u' e B]f^^^,{L, E, d'), u" e 5;;f+,,„(L, D\ d"), 

evb'oiu') = evb'^iu"). 
Associated to each such u there is a nodal Riemann surface with boundary 

Eu :=EUDV4~4. 

and a continuous map 

u:{±^,d±u)^{X,L) 
given by u' on E and u" on D^. We denote the node of Eu by zq. Let 

P' ■ B'CiAL, d', d") - E, d'), 

P" ■■ BZ,aL, E, d', d") - i?;;f+,,,,(L, D\ d"), 
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denote the natural projections. Note that when various indices are clear from 
the context, we may abbreviate 

B' = B'^F^^^^,{L, E, d'), B" = BX,^,,m D\ d"), 
B*:=Bt:'^,jL,i:,d',d"). 

Define the Banach space bundle — > B* by 

S* := p\8' ® pIS" . 

Fiberwise, we have 

8* := Lp(E, n°'^(«'*TX) © n'''\u"*TX)) 
for u e Bl^P^ i jL, E, d', d"). If J e X, and ueV,we let 

dfj.) ■.B*^8* 

denote the section of 8 given by the //-perturbed Cauchy Riemann operator. 
Here, the natural //-perturbed Cauchy- Riemann operator has a vanishing 
inhomogeneous term on the disk bubble. Using the canonical identification 
between the vertical tangent spaces of 8"^ and 8"^ itself we define 

D* := Dd*^^^ : E, d', d") - 8* 

to be the vertical component of the linearization of df^j^y Finally, define 
£* B^^i{L, E, d) to be the determinant line bundle of the family of Fred- 
holm operators D*, 

C* :=det{D*). 

Again, suppose either L is orientable and provided with an orientation or 
ka = wi{da) + 1 mod 2. 

Proposition 3.3. The combination of an orientation of L if L is orientable 
and the choice of relative Piri^ structure p on L canonically determine an 
isomorphism of line bundles 

C*^(^evb:,det{TL). 

a,i 
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Proof. The proof is the same as the proof of Proposition 13. II except for one 
extra subtlety, which is particularly important in the case that L is not 
orientable. That is, the Riemann surface underlying the Cauchy-Riemann 
Pin boundary problem associated to Z)* is singular. As in equation (fTT|) of 
the proof of Proposition 13.11 it suffices to orient 

C*' ® det{D*) ~ det{D* © D*) ® (g) {evbl, det(TL)*)^ (12) 

a,i 

for u such that 

To this end, we need to describe Df and in greater detail. Using the 
notation (jTU)), define 

ci°o : W''P{u'*Vc,u'*V^) © W''P{u"*Vc,u"*V^) ^ {ev*M^ 

by 

Denote 

W''^ (u*Vc,u\l^V^^ :=kerKo). 
At this point, we introduce abbreviated notation 

Wi, := W''Piu'*Vc,u'*Vu), := W^^'^K'^c, 

Wv:= W^^^ (u*Vc,u\l^V^ , 

Y{,:=L^{u'*Vc), Y{; := LP{u"*Vc), 
Yv := L^{u*Vc) = U\u'*Vc) + L^{u'*Vc). 

Then, choose arbitrary Cauchy-Riemann operators 
and define 

D* ■.= iD',®D'^)\wy:Wv^Yv. 
Now, turning to D*, define 

doo : p'*TBl^r, ®p"*TB]^l,, ^ evh^TL 
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Note that 

TS^';,,,^(L,S,d',c?")=ker(rfoo). 
So, we have a short exact sequence of famihes of Fredholm operators 

£*®Yv- 

D*®D* 

TB* ® Wv 

and, hence, an isomorphism 

dei{D*®D*) ^dei{D'^®D'^)®dei{D';^®D'^)®evhl<lei{TL®Vn)l,. (13) 

Noting isomorphism (fT^ . if L is oriented, the whole right-hand side of equa- 
tion ()12p is canonically oriented by arguing as in the proof of Proposition 

If L is not orientable, choose an arbitrary orientation on (ef6*]^TL)u for 
each a such that ka 7^ 0. The complex structure on E induces a natural 
orientation on E and hence on for each a. Similarly, the complex 

structure on induces a natural orientation on dD^ . This said, any ordered 
pair of points {z,z'), z 7^ zq, in the same connected component of 9S can 
be connected by a unique oriented line segment from the first to the second. 
For the non-singular boundary components of 9S, this is evident. For the 
singular boundary component, 

(dt), := (aS),U9DV^^~^o, 

we define the unique oriented line segment from z to z' as follows: For 
concreteness, assume that z G (9S)5. The same exact definition applies if 
z G dD^. Start from z and proceed in the direction of the orientation of 
((9S)fe until reaching either z' or Zq. If z' is reached first or if z' = z'q, the 
path ends there. If Zq is reached first, then continue the path starting from 
Zq G dD^ and proceeding along dD^ in the direction of the orientation. If z' 
belongs to dD^ then the path ends when it reaches z'. Otherwise it continues 
around dD^ back to Zq and then proceeds in the direction of the orientation 
from along ((9S)fe until it reaches z'. 



■p'*£'^®Y^®p"*£'^®Y{^- 



■p 



'TB' 



W' ® p"*TBl 



wf^\vhl{TL®V^)^., 
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For each a and each i G [2, fcj, triviahzing u|*gTL along the oriented 
hne segment in from Zai to Zai induces an orientation on (evbl^TL).^ as 

before. To orient the factor of ef 6g det(TL©MR)* appearing on the right-hand 
side of isomorphism (|T!^ . since Vr is equipped with a chosen orientation by 
the definition of a relative Pin structure, it suffices to orient {evhQTL)^- For 
this purpose, we proceed as follows: If /c;, 7^ then trivializing M|*gTL along 
the oriented line segment from z^i to Zq induces an orientation on {evb^TL)^. 
If fcfe = then choose an arbitrary orientation on (evb^TL)-^. For all a ^ b, 
if u\* ' TL is orientable, the choice of orientation on {evbl^TL)^^ induces 
an orientation on u\*^gj.^^TL since in this case /ca 7^ by the assumption 
Wi{da) — ka + 1 (mod 2). Furthermore, we may induce an orientation on 
either or both of u\*^qj.-^^TL and u\*qj^2TL if orientable, from the orientation 
on {evb'^TL)u- By Proposition 12.81 the orientation on u\*^qj.-^ TL if orientable 
together with the chosen orientation on and the previously mentioned 
Pin structure induce a canonical orientation on det Dq). Similarly, the 
orientation on m|^2TL if orientable together with the chosen orientation on 
Vm^ and the previously mentioned Pin structure induce a canonical orientation 
on det{D'^ © Dq). Hence the whole right-hand side of (fT^ is oriented after 
these choices. Since we have also chosen an orientation on (ef6*jTL)u, it 
follows that the entire right-hand side of (jl2j) is oriented. 

Note that changing the orientation on (ef6*^TL)u will change all the 
orientations it induces. Similarly, in the case kb = 0, changing the chosen 
orientation on {evbQTL)^ changes any orientation it induces. By Lemma 
12.91 the condition ka = Wi{da) + 1 mod 2 now implies that changing the 
orientation on any given (ef6*]^TL)u or {evblTL)^ would make no difference 
because the total number of ensuing orientation changes would be even. □ 

Now, we modify the canonical isomorphism 

C* -^(^evbl, det(rL) 

a,i 

constructed in the proof of Proposition IH.HI to be consistent with the isomor- 
phism over the moduli space of irreducible stable maps defined in Definition 
13.21 For this purpose, we note that there is a canonical ordering on the 
marked points in the boundary of the nodal curve Su. Indeed, recall from 
the proof of Proposition 13.31 that given any pair of points {z,z') C 9S such 
that z 7^ Zq, there exists a unique oriented hne segment from z to z'. We de- 
fine Zai to be ordered before Zai' if and only if the segment from Zai to Zai lies 
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within the segment from Zai to Zai'. Again, we can divide the moduh space 
5* into components -B*. By analogy with the irreducible case, we make the 
following definition. 

Definition 3.4. If dimL = (mod 2), we define the canonical isomorphism 

£* ^ (^evbl,det{TL) 

a,i 

to be the isomorphism constructed in the proof of Proposition 13.31 twisted 
by (— over the component -B*. If dimL = 1 (mod 2), we define the 
canonical isomorphism to be the isomorphism constructed in the proof of 
Proposition 13.31 

4 The definition of the invariants revisited 

At this point, we will rigorously define the integration carried out in defining 
the invariants in Section IT^ bv generalizing the techniques of Ruan and Tian 

m- 

First, we will carefully define the inhomogeneous perturbation to the 
Cauchy-Riemann equation relevant in the current situation. Let C be a 
parameter space to be specified later. Let tTj, i = 1,2, denote the projection 
from S X X X C to the i^^ factor and let n'- denote the restriction of tTj to 
dT, X L X C. We define the set of inhomogeneous terms V to be the set of 
sections 

u eT {Ex X X C, Ham (7r*TS, vr^TS)) 

such that 

(i) z/ is (js, J)-anti-linear, i.e. z/ o = — J o u; 

(ii) ^IdSxLxc carries the sub-bundle TT[*TdT, C 7r^*TS to the sub-bundle 
■K^iJTL) C 7r^*rX 

For the time being, take C = bI'^{L, S, d) and define the section dj^i, of S by 
Bj^^u := duoj^ + J odu-iy{-,u{-),u) G {n^^\u*TX)) . 

Lemma 4.1. The operator Bj^^, gives rise to an elliptic boundary value prob- 
lem. 



4 THE DEFINITION OF THE INVARIANTS REVISITED 



38 



Proof. Define S := S Ugs S. Clearly, we may extend any u G V over S to 
obtain a u that continues to satisfy condition |(i)[ Let J,y be the automorphism 
of T(E X X) given in matrix form by 

It is not hard to check that condition [(i)]implies that Jp is an almost complex 
structure on S x X. Condition |(ii)| implies that 9S xLcSxXisa totally 
real submanifold. A map 

u : (S,(9S) ^ 

satisfying dj^uU = is equivalent to a standard J,>-holomorphic map 

u : (S,(9S) ^ (S X X,9S X L) 

satisfying hi o u = Ids • We conclude that dj^^ does indeed give rise to an 
elliptic boundary value problem. □ 

In light of Lemma 14.11 we define 

M^,i{L,^,d) :=a^i(0)cfi^'J(L,S,d). 

Let be an anti-symplectic involution of X such that L = Fix{(j)). We call 
a map 

u : (X,L) 
(^-multiply covered if there does not exist z G S such that 

du{z) 7^ 0, u{z) ^ m(S \ {z}), u{z) ^Imcj) o u. 

Such maps are also commonly termed not (f)- somewhere injective. A standard 
argument shows that the moduli space of 0-somewhere injective maps has 
expected dimension for generic J G jTj^,,^ even when i/ = 0. See |B1 Section 
11]. However, if we take 1^ = 0, then the moduli space Aik^i{L, S, d) may be 
singular at 0-multiply covered maps even for a generic choice of J. Assume 
for a moment that S = and fi{d) > 2. Then by the following Lemma, the 
image of 0-multiply covered maps under the evaluation map has codimension 
greater than or equal to 2. 
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Lemma 4.2. Suppose u : (D^, dD^) (X, L) is (l)-multiply covered. Then, 
we may factor u as a composition u = u'ox, where u' is a real J -holomorphic 
map 

u' : ^ X, (f)ou' od = u\ dju' = 0, 
such that u'\d2 is (p-somewhere injective, and 

X : {D\dD'') {CP\RP') 

is a holomorphic map of degree greater than or equal to 2. 

Remark 4.3. Since we may extend x to a holomorphic map from CP^ to 
CP^ by the Schwarz reflection principle, x is actually given by polynomial. 
Thinking of D^ as if U {oo} and thinking of CP^ as C U {oo}, the boundary 
condition on x implies that x is given by a real polynomial. 

Proof of Lemma \4-^ Gluing together u and (j) o u o d we obtain a real J- 
holomorphic map 

u : CP"*^ — ^ (p o u o c' = u. 

By a standard theorem ^Tj Chapter 2], we can factor u = x o u' where u' 
is somewhere injective. Another standard result [17, Theorem E.1.2] says 
that u' is injective except at a finite number of points. Since the image of 
u' is clearly invariant under 0, induces an anti-holomorphic involution of 
CP^ away from a finite number of points. So, removing singularities, there 
exists an anti-holomorphic involution c" on CPi such that 6 o u' o c" = u' . 
Moreover, c" fixes the image of RP^ under x- It follows that c" is conjugate 
to c' by some biholomorphism a G PSL2{'C). So, we may define 

Consequently, under the previously mentioned conditions, 0-multiply cov- 
ered maps are not important in the definition of intersection theory on the 
moduli space. So, even in the case z/ = 0, we may obtain a smooth moduli 
space by defining 

J^l_i{L, S, d) := A4k^i{L, S, d) \ {0-multiply covered maps}. 

Then, to obtain an interesting intersection theory, we define 

M^,iiL, S, d) := MliiL, S, d)/PSL2(M), (14) 
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where PSL2{M.) acts by 

{u, z, w)^{uo ^, {v-')\z), {^-')\w)), ^ e PSL,(R). 

This choice of action ensures that the evaluation maps descend to the quo- 
tient. Note that the action would not preserve the moduli space if we were 
to allow a general inhomogeneous term u. 

Equivalently, instead of quotienting by PSL2{M.), we could consider an 
appropriate section of the group action. Fortunately, this approach, as ob- 
served in j2n|! generalizes to the situation where we allow a generic u and so 
provides a definition of the moduli space that works even when (X, L) may 
admit holomorphic disks of Maslov index or when S ^ D^. 

So, we construct a section of the reparameterization group action in the 
following manner. Let 

TT,- : A^k,K4 d) ^ S 

be the projection sending (m, z, w) -w wj. First, suppose that S ~ D^. Choose 
an interior point Sq G S and a line i C D^ connecting Sq to 9S such that for 
any pair of points {w,w') G S there exists a unique ip G Aut{T,) ~ PSL2(M.) 
that satisfies 

(f{w) = So, <f{w') G i. 

For the time being, assume I > 2. We require that the dependence of u on 
u G -B^f factors through tti x n2. Moreover, letting d{-, ■) denote the distance 
function on D^, we impose on u the condition 

z/(-, -, [wi, W2)) = -7—, — •, K, W2)). (15) 

a[Wi, W2) 

In particular, vanishes uniformly in the limit W2 Wi. We define 

M^,iiL, S, d) := (tti X n2)-\so x i) C M^,i{L, S, d). (16) 

Standard arguments show that for a generic choice of u satisfying (|15p. 
A^k ^(L, S, d) will be a smooth manifold of expected dimension. We digress 
briefly to explain the significance of condition (fT3j) . To prove the invariance 
of ^E,d,k,/; we need to argue that stable maps in the Gromov compactification 
of Aik i{L, E, d) involving sphere bubbles occur only in codimension two. A 
sequence u' G Aik^i{L,'E,d) such that W2 — > w{ will Gromov converge to 
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a stable map consisting of one disk component and one sphere component 
with both wi and W2 on the sphere component. The nodal point where the 
sphere and disk are attached is fixed at Sq. However, there are no other fixed 
marked points on the disk component to compensate for the remaining 
symmetry. Condition ()15|) implies that the limit inhomogeneous term on 
the disk component is zero. So, we can simply quotient by the residual T^ 
action. Although 0-multiply covered maps can arise, we may disregard them 
because by a standard argument, their image under the evaluation map has 
high CO dimension. 

If, S ~ S"^ X /, we choose a line £ C S connecting the two boundary 
components of S such that for any w G S there exists a unique (f G Aut{Ti) ~ 

such that ip{w) G i. We choose u to be entirely independent of u. Assuming 
for the time being that / > 1, define 

M^.,i{L,E,d) ■.= 7T^\i)cMk,i{L,J:,d). 

Again, for a generic choice of z/, standard arguments show that Ai^^ilL, S, d) 
will be a smooth manifold of expected dimension. 

Now we turn to the case when S and I = 0. This case is of particular 

interest because it arises when X is a Calabi-Yau manifold and L is a special 
Lagrangian submanifold. The cases S ~ D^, / = 1, and S ~ S*^ x /, / = 0, 
use a very similar argument. 

We start with the moduli space A^k,2(-^^, S, d) constructed above and 
proceed as follows. Choose smooth manifolds A, B, and maps 

f:A-.X, g:B^X 

such that {A, f) and {B,g) define pseudo-cycles representing the Poincare- 
dual of any non-trivial 0-anti-invariant 2"'^ cohomology class. The symplectic 
form uj provides at least one example, and for simplicity, we will continue 
with this example. 

Lemma 4.4. We can choose {A, /) and {B, f) that are (p- anti-invariant and 
do not intersect L. 

Proof. A straightforward transversality argument shows that we may assume 
{A, f) is transversal to L. If necessary, replacing A by ^AJJ ~\A and / by 
/ ]J o /, we may assume that the pseudo-cycle (A, /) is (/)-anti-invariant 
just like UJ. Now, we consider a local model for (A, /) near L and show how 
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to modify {A, f) near L to avoid intersecting L. Choose 0-invariant local 

symplcctic coordinates : X ^ C" near L such that Q{L) = M". We may 
assume that the image of / is given by the union of the vanishing sets of 
conjugate real-linear maps 

More precisely, choose complex coordinates z = {zi, . . . , z^) on C"^. Taking 
X — (xi, . . . , x„) and y — {yi, . . . , yn), we write z — x + iy. So, we can 
decompose 

i{z) = r(a;) + ey{y), l{z) = r (x) - ey{y). 

Letting i = 1, 2, denote the i*^ component of £, the equations for the image 
of / may be written as 

0^£,.i,^if-if, 1 = 1,2. 

So, choosing small constants > 0, i = 1, 2, we modify {A, /) so that locally 
the image of / satisfies equations 

£j — £^ = i — 1,2. 

Clearly, these equations have no real solutions. The same applies for B. □ 

Furthermore, we may assume that {Ax B, f x g) is transversal to evii x 
evi2 so that we may define 

A4k,o(^, S, d) := -l^A^k,2(^, S, d) xxxx {AxB). 

The factor ^^^p- in front of the fiber-product means that each point in the 
moduli space should be counted with weight ^j^^- This correction is designed 
to cancel the contribution of the divisors {A, f) and {B, g) as predicted by the 
divisor axiom of formal Gromov-Witten theory. Indeed a map u : (S, 5E) 
(X, L) representing the class d G H2{X,L) should intersect a pseudo-cycle 
Poincare dual to uj exactly uj{d) times. 

Remark 4.5. Note that even when / > 0, we are free to fix the group action 
by adding divisor constraints just as in the case when 1 = 0. 
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Proof of Theorem \l.l\ Given this definition of M.]^,i{L, S, d), Proposition l3.1l 
immediately implies Tlieorem ll.il We choose the isomorphism according to 
Definition O □ 

Now, for a sufficiently generic choice of points x = {xai),Xai G L, and 
pairs of points y = {i/j), 

:{0,1}^X, 2/,(l)=0o2/,(O), 

the total evaluation map 

ev := Ylevbai x JJew^- : A^k,K^,S,d) — > L^^^ x X' 

a,i j 

will be transverse to 

a,i j 

So, assuming the dimension condition Q is satisfied, we may define 

^s,d,k,i := #ev"^(x,f). 

Here, # denotes the signed count with the sign of a given point v G ev~^(x, y) 
depending on whether or not the isomorphism 

dev^ : det{TMk,i{L, S, d))^ ^ ev* det (T (L'*^! x X'))^ 

agrees with the isomorphism of Theorem 11.11 up to the action of the multi- 
plicative group of positive real numbers. If the dimension condition Q is 
not satisfied, we define Xs^d.k,/ := 0. 

5 The sign of conjugation on the moduli space 

Now, suppose S is biholomorphic to S. It follows that there exists a complex 
conjugation c : S — > S. Let be an anti-symplectic involution of X such 
that Fix{(j)) = L. Fix J G J'oj,(f), define V^p^c to be the set of u E V such that 
d(j)o V o dc= v and let v G P<^,c- We define an involution 



(/)B:5^'J(L,S,d)^fi^'J(L,S,d) 
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by 

{u,z,w) -w [(f)ouoc, (c|az)2)l'''l(z),c'(tZ;)) . 

Furthermore, define an involution (pg : £ £ covering 0b by sending t] & £u 
to d(f) o rj o dc & £(j,g{u)- It is easy to see that dj^i, is (pB — (ps equivariant, and 
hence (ps induces an involution 0£ : £ — »• £ covering (pB- Now, the trivial 
bundle morphism of 

(^evb:,det{TL) 

covers (pB- So, the involution (pc induces an involution cp'^ of the bundle 
C := Horn I (g) evbli det (TL), £ j ~ £ (g) evbl^ det (TL). 

\ a,i / a,i 

covering (pB- Now, the bundle C has a canonical orientation corresponding to 
the canonical isomorphism of Definition l3.2l So, the involution 0^ may either 
preserve the orientation component of the complement of the zero section of 

exchange it with the opposite component or some combination of the 
two over different connected components of the base. If 0£ preserves the 
orientation of we say it has sign 0. If 0£ does not preserve the orientation 
of C anywhere, we say it has sign 1. 

We would hke to show the sign of 0l is well defined and calculate it. To 
properly formulate the result, we define a degree homomorphism 

ip : H^{X, L; Z/2Z) ^ H^X; Z/2Z) 

on the level of singular chains as follows: We implicitly use Z/2Z coefficients 
everywhere. Suppose 

creC,{X,L) ■.= C,{X)/C,{L) 

is a relative singular chain. Let a G C*(X) represent cr. Define 

i){a) := (Id+0*)5. 

■0 is well defined because if a = then a G C*(L) and hence 

{ld+(p^)a = 2a = mod 2. 

Since 0* commutes with the boundary operator, so does -0, so we can define 
■0 := H(ip). Now, let Qq denote the genus of 
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Proposition 5.1. Let n — dimL. If p is a relative Pin structure then the 
involution 0£ has sign 

(d, k, - ^^^^^^f + + (1 - go)n + mn+\k\ + l 



+ W2(V)(xlj(d)) +Wi(dd) +J2Mda)wi(db) 

a<b 

+ J2 Mda){ka - 1) + (n + 1) ^ ~ ~ mod 2. 

a a 

If p is a relative Pin'^ structure, 0^ has sign 

,-{d, k, ^ ^^^^ ^l^f ^'K {1- go)n + mn+\k\+l 

a<b 

+ J2 Mda){ka -l) + {n + l)J2 ~ ^2^° ~ mod 2. 

a a 

Remark 5.2. Suppose dimL < 3. Then L is Pin" by the Wu relations, so we 
can take p to be a standard Pin' structure. In particular, W2{V) — 0. Since 
Wi{dd) = ii{d) mod 2, we have 

(d, k, /) ^ ^(^^(^^^^-^^ + (1 - ,o)n + mn + |k| + / 



+ ^'^l{da)wi{db) + ^Wi{da){ka - 1) 

a<6 a 



In the particularly simple case that E ~ L)^, we have 

B-{d, k, - ^^^^^^f + ;t + / + - 1) 

+ (n + l)^ '- mod 2. 

We omit the proof of the preceding proposition as it is very similar to the 
proof of the next proposition and we do not actually use it. 
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Now, recall from Section IHl that 

-Sk,a,«,£>(-^' d', d") := Blf_^^^ i,{L, S, d') evb'^, ^evb'^ d"). 
Note that ~ D"^ as demonstrated by the standard conjugation 

So, we have an involution (ps" of the second factor of the fiber product. Since 
L C Fix{(j)), the involution (pB" of the second factor induces an involution 
0B# of the whole fiber product. Similarly, the involution of the bundle 
£" over the second factor of the fiber product induces an involution on 
the bundle — * -B*. Recall that the natural inhomogeneous perturbation 
V for stable maps vanishes on bubble components. In particular, it is (p- 
invariant. So, d*^ defines a 0^* — invariant section of Consequently, 
05# and induce an involution 0£# of the determinant bundle -B*. 
As before. 



induces an involution (p'^^ of 



C*' := 



om 




evblidetiTL),C* ~ 



et;6:,det(TL). 



Proving that the sign of (p'^^ is well defined and calculating it will play a 
crucial role in the proof of the invariance of NY,,d,]i,i- Before writing down the 
formula for the sign of </>£#, let us introduce some new notation. We define 



and 



T'(d", k") := fi{d")k" = wi{dd")k'' (mod 2) 



k" + k' -I, 



w^{d'^) = wi{dd") = 
wiid'f,) =wi{dd") = 1 

= 1, wi{dd") = 
wi{d[) = 0, wi{dd") = 1. 



Proposition 5.3. Let n = dimL. Suppose the marked point zi does not 
bubble off, i.e. 1 ^ a. Then the involution 0'^^ of the line-bundle 

>c*'-i?iLJ^,s,d',ci") 
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has sign 

s± (a , fc , / ) := h W2{ip{d )j + k +1 + 1 

+ V{d",k") + in + l /'^^'"^~^^ mod 2, (17) 

with + in the Pin^ and — in the Pin^ case. On the other hand, suppose 
now that the marked point Zi does bubble off] i.e. 1 G cr. Then the involution 
has sign 

d", k\ k\ I") - ^^'^^^^^f^^^^ + 



+ A;" + 1 + /" + T"(4, d\ k', k") + wi{d[)wi{dd") 
+ {n + l)\ (fc" - - 2) ^ ^ , ) 



(18) 

with + in the Pin~^ and — in the Pin~ case. 

Remark 5.4. Suppose L is orientable and dimL is odd. Then, using the fact 
that /i((i") is even if L is orientable, we have 

5*' = 5#" = ^ + W2{i^{d")) + k"+l + I". (19) 

Proof of Proposition \5.'^ The first term in 5* comes from the formula (jH)). 
This accounts for the sign of conjugation on the moduh space of unmarked 
disks. The terms k" + I" + 1 account for conjugation on the configuration 
space of the marked points, adding one extra point for the incidence con- 
dition. Recall from the proof of Proposition 13.31 that the unique oriented 
path from z ^ zq to z' in the boundary of 9Su played an important role 
in determining the canonical orientation of . This path depended on the 
orientation of 5E, which is reversed under conjugation. The terms T' (resp. 
T" + w\{dL^)w\{ddh'y) in s* (resp. 5* ) account for this dependence. The 
remaining terms account for the reordering of the marked points under con- 
jugation, which plays a role only in even dimensions according to Definition 

EH 

We now explain in more detail how the unique oriented path from z 7^ 
to z' changes under conjugation, and how that effects the orientation of 
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First, suppose 1 ^ a. The path from Zbi to Zu for i E o will change when the 
orientation of the boundary of the bubble dD^ changes under conjugation. 
If Wi{dd") = 1, this change of path changes the orientation of {evbl^TL)^ for 
each i G 0". Since, |a| = k", we obtain the total change of orientation given 
by T'. The explanation of T" is similar. 

The additional orientation change Wi{d[)wi{dd'l) when 1 G a enters be- 
cause then the path from z^i to zq changes under conjugation. This path 
effects the orientation of {evbQTL)^ when wi{dd'l) = 1. The orientation of 
{evbQTL)-n enters twice into the orientation of £'* when wi{dd'f^) = 0. In- 
deed, it determines the orientation of ewfeg det (TL © Vr)*, and it determines 
the orientation of mI^o^n TL, which in turn determines the orientation of 



det{D'^ © Dq). Both of these determinants appear on the right-hand side of 
isomorphism (fT^ . However, when = 1 we cannot orient u\*^qj.-^^TL. 

So, the orientation of (ef 6oTL)u enters only once into the orientation of >C'*. 
So, there is an extra contribution to the orientation change of £'* exactly 
when 



6 Proof of invariance 

Proof of Theorem M.'^ In order to prove independence from various choices, 
we construct cobordisms from parameterized moduli spaces. Complications 
arise in compactifying these cobordisms. For concreteness, we focus on in- 
dependence of a variation of the constraints on marked points. The proof of 
independence of a variation of J, S, or A, 5, is very similar. 

Recall that the definition of A/'s^d.k,; depends on the choice of points x = 
[xai), Xai e L, and pairs of points, y = {yj), 



Suppose we choose different points x' and ]/ satisfying the same conditions. 
This corresponds to changing the forms aai and 7j mentioned in Theorem 



w,idi)w^idd'l) = 1. 



□ 



y, : {0, 1} ^ X, 



%(1) = 0(%(O)). 



lOl Let 



x:[0,1]^LW, . 
y : [0, 1] X {0, 1}' ^ X 
y(0,vc) = 



x(0) 
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If we choose x and y generically, they we will be transverse to the total 
evaluation map 

ev : A^k,/(^,S,d) ^ x X'. 

So, 

W := W(x, y) := A<k,/(S, L, d) (xxy)oA ([0, 1] x {0, 1}') (20) 
gives a smooth oriented cobordism between 

e\'^'^(x,y) and ev^^(x',y'). 

However, W is generally not compact. So, in order to show the invariance 
of A/'s.d.k,/ "we must study the non-trivial stable maps arising in the Gromov- 
compactification of W, which we denote by dcVV. 

We now digress for a moment to describe dc^V more explicitly. We define 

M^,.,iAL, s, d', d") := d*;\o) C s, d', d"). 

Recall that the inhomogeneous perturbation u vanishes on the bubble C 
S. This means that the moduh space A^k,o-,z,e(-^5 S, d', rf") may be singular 
at 0-multiply covered maps. As long as fi{d") > 0, this does not present a 
problem because Lemma 14.21 then shows that the image under the evalua- 
tion map of stable maps with ^-multiply covered bubbled components has 
codimension at least two. Also, constant holomorphic disks have expected 
dimension. On the other hand, in the case that {X, L) admits holomorphic 
disks of positive energy of Maslov index zero, we must take 0-multiply cov- 
ered maps into consideration. We postpone the argument in this case to 
Section [7| 

We continue now with the description of c^gVV. Since z/ = on bubble 
components, we have an action of PSL2(M.) on A4k,a,i,g{L, S, d', d") given by 

On the other hand, a generic perturbation term u will break the Aut{J]) 
invariance of df^. So, we construct a section of the Aut(T,) action that would 
exist if u vanished in the following manner. Let 

7r,:A^kw,p(^.S,d',d")^S 

be the projection sending (m, z, w) wj. In addition, we define 

7i'o:M^,a,i,,{L,J:,d',d")^^ 
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by vrQ(u) = Zq, the point where the bubble attaches. 

First, suppose that S ~ and I > 2. Recall from the construction of 
Aik^i{L, S, d) in Section 0] that we chose an interior point Sq € S and a line 
i (Z connecting sq to dT,. We imposed the conditions Wi = Sq and W2 G £. 
Since Sq is an interior point, Wi cannot possibly bubble off onto a disk bubble, 
i.e. 1 ^ g. However, W2 could bubble onto a disk bubble that bubbles off at 
i n (9S. So, we consider the following two cases. If W2 does not bubble off, 
i.e. 2 ^ g, define 

M^,.,iAL,^,d',d") := (tti X n2)-\so x e)/PSL2{R) 

C M^,.,i,,{L,J:,d',d")/PSL2{R). 

If W2 does bubble off, that is, 2 G f), we define 

Mk,.,i,,iL,J:,d',d") := (tti X 7iX\so X {i n dE))/PSL2{R). 

Now, suppose S ~ X / and / > 1. Recall from the construction of 
Ai]g_^i{L, S, d) that we chose a line £ C S connecting the two boundary com- 
ponents of S and imposed the condition wi G i. So, wi could bubble off at 
a disk connecting to £ fl dT,. So, we consider the following two cases. If wi 
does not bubble off, i.e. I ^ g, define 

Xkw,p(^> S, d', d") := 'Ki\i)/PSL2{R) C Mk,a,iAL, S, d', d")/PSL2iR). 

If Wi does bubble off, i.e. 1 G define 

Alk,,,,,,(L, S, d', d") := 7r;-i(£ n aS)/P5L2(M). 

Now we turn to the case when S ~ and / = 0. The cases S ~ D^, / = 1, 
and S ~ S*^ X /, / = 0, use a very similar argument, which we omit. Re- 
call from the construction of Aik^i{L,T,d) that we chose 0-anti-invariant 
pseudo-cycles {A, f) and {B,g) representing the Poincare dual of u and sat- 
isfying various transversality conditions. Taking A4k,a,2,e{L, S, d', d") as de- 
fined above, we may perturb {A, /) and {B, g) slightly so that the evaluation 
map 

evi X ev2 : -Mk,a,2,e(^, S, d', d") ^ X x X 
is transversal to {A x B, f x g). So, we may define 

M^,.,oAL, S, d', d") := — L-^k,<x,2,,(^, S, d', rf") xx^x (AxB). 
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Perturbing x and y slightly assures they are transverse to the total evaluation 
map 

ev : A^kw,.(AS,d',rf") ^ X' X LW. 

Each moduli space A4k^a,i,e contributes a boundary stratum of the cobordism 
W, which we denote by 

5gW.,, := A^k,.,^,,(S,L,d',t/") evX(xxy)oA ([0, 1] X {0, 1}') . 

In total, the boundary of the Gromov compactification of W takes the form 

ag[l,m], aC[l,ka] 

ec[i,/] 

In general, one might expect an extra term in 5gW coming from sphere 
bubbles attached to a constant disk. If there are no marked points on the 
disk, this may happen in codimension 1. However, assumption Q precludes 
this possibility. 

Recall that Z/2Z acts on By_ rj^i^g(L, S, d', d") by the involution (p^* that 
exchanges a disk bubble with its conjugate. Now, the boundary strata Wo-,^ 
are constructed from B^^^^i^g^L, E, d', d"),X and L, by considering the vanish- 
ing set of a Z/2Z equivariant section and then taking various fiber products 
with respect to Z/2Z equivariant maps. So, each stratum admits a canonical 
Z/2Z action by an involution that we denote by 0aw. We claim this action 
is fixed point free and orientation reversing. In other words, 

#aG>V = 

so that 

= #9W = #(ev-^(x', g) - ev-\x, y) + dcW) 

= #ev-i(f',y^)-#ev-i(x,y) (21) 

and A^E,d,k,z does not depend on the choice of x, y. 

First, we show that 0a>v is fixed point free. Indeed, as noted above, we are 
presently considering the case where we may assume there are no 0-multiply 
covered disks of positive energy. By definition, a 0-somewhere injective disk 
cannot be a fixed point of 0a>v. So, (pQyj could only have a fixed point if a 
zero energy disk bubbled off. That would correspond to an interior marked 
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point moving to the boundary. Clearly, marked points that are constrained 
away from L cannot possibly move to the boundary. This is where we use 
the fact that by Lemma r4.4l we have chosen [A, /) and {B, g) not to intersect 
L. 

The following calculations show that (pgy^ reverses orientation. First, we 
consider the case that dimX = 6 and L is orientable. Since dimL = 3, by 
Wu's relations, W2{TL) = 0. So, by formula (fT^ . the sign of (p'^^ is given by 

5* ^ + k" + /" + 1. (22) 

Furthermore, Z/2Z acts on A^k,(7,«,e(-^; d', rf") with this same sign. In- 
deed, in the case / < 2, we need to add marked points and fiber product 
with the divisors along the corresponding evaluation map. One of the extra 
marked points could be on the bubble component, so that Z/2Z acts on it 
non-trivially. However, since the divisors are chosen to be anti- invariant, 
the total sign change induced on Alk.o-,/,^ from the extra marked point will 
be zero. Also, we note at this point that the sign of the conjugation auto- 
morphism of PSL2{M.) is zero. 

Note that the sign of is independent of I". Indeed, the action of </> 
on X reverses orientation because (j)*uj^ = —uj^. So, the sign of the Z/2Z 
action on the fiber product of A4]i^a,i,g{L, E, d', d") with [0, 1] x {0, 1}' over 
X\ where (p acts non-trivially on I" of the factors of X, does not depend on 

On the other hand, a straightforward virtual dimension calculation shows 
that dcWa^g niust be empty unless 

lj{d") = 2k" + 41". 

This in turn implies that fi{d")/2 = k" (mod 2), or equivalently, 

^^ + A;"+1 = 1 (mod 2). 
2 

So, by equation (j22I), (paw reverses orientation. 

Now we turn to the more difficult situation where dim X = A and L may 
not be orientable. By the Wu relations, L is Pin~. So, we assume that p is 
given by a standard Pin" structure. By the same argument as above, we 
conclude that Z/2Z acts on A4k^a,i,s{L, S, d', d") with sign given by formulas 
fll7|) or (fTHj) depending on whether or not 1 G cr. Note that (p preserves the 
orientation of X because (j)*uj'^ = lJ^ . This implies that (jl7p . (jl8j) . also give 
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the right signs for the action of (paw- Next, observe that by virtual dimension 
counting, the stratum SgWo-,^ will be empty unless 

j^{d") +r = k" + 21" (23) 

for r = or — 1. We claim that this restriction implies that the signs ()17p 
and ()18p always simplify to exactly 1. 

We first consider the case 1 ^ a. Using the restriction (|^. we calculate 

k"{k" - 1) _ {fi{d") +r- 2l"){n{d") + r - 21" - 1) 

2 ~ 2 

_ n{d")^ + 2rfi{d")+r^-Al"{fi{d")+r)+Al"^-fi{d")-r-2r' 

2 

ii(d")(a(d")-l) r(r-l) ., , , , x , 
= ^^^^ ' + ^ ^ ' + I" + rfi{d") . (mod 2) (24) 

Again using the restriction (j2SI), we calculate 

T'{d", k") ^ i2{d")k" ^ ii{d" f + r/i(rf") + 2/Xrf") 

= /i(d") + r/i(d") (mod 2). (25) 

Substituting equations and into (fTTj) . eliminating the remaining /c" 
by (j2ni) and canceling expressions which occur in pairs yields 

st{d", k\ I") = + 1 (mod 2). 

This is always exactly 1 since r = or — 1. 

We turn now to the case 1 G a. Using the restriction (j^ . we calculate 

{k" - l){k" -2) _ {fi{d") +r- 21" - l){^i{d") + r - 21" - 2) 
2 ~ 2 

= i [^i{d"f + 2r^(rf") + - 3^(rf") - 3r 

+2 + 4/"2 + 4/"(^(d") + r) + 6/"] 
^ ^,{d"){^,{d") + l) r(r + l) 
2 2 

+ r^(rf")+^" + l (mod 2). (26) 

Furthermore, using the condition Wi{db) = k^ + l and (j23|) . 

kX + k^,^{wl{d^) + l){^l{d")+r + l) (mod 2). (27) 
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Substitute calculations and (fTfjl in sign formula (fT^ and use restriction 
((2S1)- Cancelling pairs of similar terms, we obtain 

st" - ^^^^ + rfxid") + r 

+ (wiidk) + + r + 1) + T" + wM)Md") 

= rfiid") +r + (wM) + + r + 1) + T" + Wi{d',)wiid"). (28) 

Here, the second congruence follows from the fact r = or — 1. 
We now expand T" to further analyze 5* . Using the fact that 

Wi{db) = wi{d'f^) + wi{dd"), 

it is easy to verify that 

T" = wi{db){k" - 1) + wi{dd")k'. (29) 

By repeatedly applying restriction (j^ . the condition that Wi{da) = 1 + ka 
and the fact that fi{d") = wi{dd") (mod 2), we calculate, 

wiidd")k' ^wi{dd")ih-k") 

^ wi{dd"){wi{dk) + 1 + ii{d") + r) 

^ wi{dd"){wi{d!^) + wi{dd") + 1 + ii{d!') + r) 

^ wi{dd")wi{d'f;) + /i(rf")(l + r) (mod 2). 

Substituting this calculation in formula (|^. and using restriction (j2Sl) again, 
we obtain 

T" ^ w;i(4)(/u(rf") + r + 1) + U7i(9rf")wi(rf;) + li{d")(l + r) (mod 2). 



Substituting this expression for T" in formula (|28|) an cancelling all repeated 
terms leaves 

s#" ^ r/i(d") + r + (l)(/i(rf") + r + 1) + /i(rf")(l + r) 
^ r/i(d") + r + /i(rf") + r + 1 + /i(rf") + /i(rf")r 
= 1 (mod 2), 

as desired. 



7 AN EQUIVARIANT KURANISHI STRUCTURE 



55 



7 An equivariant Kuranishi structure 

In this section, we complete the proof of invariance of A'^s.d.k,; in the case 
when {X,L) may admit holomorphic disks of Maslov index 0. If dimL = 2, 
the expected dimension of holomorphic disks with Maslov index is negative. 
For generic J, by Lemma such disks don't exist. So, we consider the case 
dimL = 3. By assumption, L is orientable. The main tool we use to prove 
invariance in this case is the notion of a Kuranishi structure, introduced in 
[S] and extended in [H] . For a summary of relevant information on Kuranishi 
structures, see Appendix 1X1 

Suppose (X, K.) is a space with Kuranishi structure 

/C ( Vp , Ep , Fp , Sp, ipp ) . 

Let L be an involution of X. 

Definition 7.1. An extension I of an involution l to an involution of /C 
consists of Fp-equivariant maps tp : Vp ^ Vt(p) and ip : Ep E^^^p) covering 
Lp such that 

(El) i,(p) o Lp = Idvp . 

(E2) O Lp = LpO Sp. 

(E3) ^.(p) o tpl^-i(o) = Lo^p. 

(E4) Lg maps Vpg C Vg to V;(p),(q) C V,(g). 

(E5) ip o (fpg = (p,{py(g) o Lg and ip o (fpg = (f,(py(q) o ig. 

Note that Lp, tp, induce bundle morphisms 

: det (Tl^p) (g) det(Ep) ^ det{TV,(^p)) det(E,(p)) 

covering Lp. Now, suppose that (X, /C) has a tangent bundle given by ^pg. 
We say that 1 acts smoothly on (X, /C) if 

^t(p)i(g) oig = tpO ^pg- 

If r acts smoothly and (X, JC) is oriented, the bundle morphisms may either 
preserve or reverse the orientation of JC over each connected component of 
X. Furthermore, let Q = (P, V^, E'^, s'^, ip'^) be a good coordinate system for 
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JC. We say that Q is compatible with 1 if l{P) = P and LpiVp) = V'^^y Finally, 
a collection {tpjpgp of multisections of E'p is said to be tp — Ip equivariant if 
^t(p) o Lp = Lp otp for all p & P. 

Now, we give the main idea of the proof. As we will explain, it is 
possible to construct an oriented Kuranishi structure with tangent bundle 
/C = (Vp, Ep,Tp, Spjipp) on W. Moreover, we may construct /C so that the 
induced Kuranishi structure on c^gW admits a smooth orientation revers- 
ing involution (pg^ extending (pgw There exists a good coordinate system 
Q = (P, Vp, E'p, s'p, ip'p) for /C such that its restriction to dcVV is compatible 

with (pdw- Finally, we may choose (pawp — (pawp equivariant generic trans- 
verse multisections „ satisfying conditions |(P1)||(P4)| of Theorem IA.4I and 
coinciding exactly with s'p away from ip~^' (dGW)- 

Note that the charts of the induced Kuranishi structure on dW are just 
dVp. We define 

dcVp := i;;\dGW) C dVp. 

The same applies for the charts of the good coordinate system and we use 
the analogous notation. The vanishing sets of the s'p „ define a 1-dimensional 
simplicial complex with boundary contained in the dVp. The boundary is 
simply a collection of points with signed rational weights. By the same rea- 
soning as in equation it suffices to show that the part of this boundary 
contained in dcVp has total cardinality zero. Again, we use the sign reversing 
involutions ^aw? to cancel the points in pairs. The only slight complication 
arises because 0a>vp may have fixed points. However, this is easily resolved 
by the observation that a point x of the vanishing set of „ fixed by (poy^p 
must have weight zero. Indeed, by definition of transversality for multisec- 
tions, each branch ^ of Sp „ is transverse to zero. So, if Sp „ vanishes at x, 
the differential 

: T^dv; ^ (e;). 

defines a non-zero element u G det(Tl^') ^det{E'p). Since s^^^ is 0awp —4>dwp 
equivariant, 

must also be a branch of Sp „, defining an element u' G det(TV^') ® det(i?p). 
But since (pgy^ is orientation reversing, we know that uj and uj' belong to 
opposite components of det(T\^')(S)det(i?p)\{0}. So, the branches of „ that 
vanish at x come in pairs that induce opposite orientations on x. Therefore, 
the total weight of x is zero. 
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We turn our attention to the construction of /C. Recall from ()2()j) that 

W = A<k,/(S, L, d) evX (xxy)oA ([0, 1] X {0, 1}') . 

Let dAik^iCE, L,d) denote the union of all the strata of the Gromov com- 
pactification of A^k,z except A^k,/ itself. Let (pdM denote the involution of 
dJ^k^i induced by As explained in P Appendix 2], a weakly submer- 
sive Kuranishi structure JCm on A^k,«(^5 -^5 d) naturally induces a Kuranishi 
structure /C on the fiber product W. If we let Z/2Z act on X by and on 
[0, 1] X {0, 1}' by exchanging and 1, x x y is clearly Z/2Z equivariant. So, 
if JCmIom^i admits an extension of 4>dMy then /Cl^^w will admit an extension 
of 0a>v. Consequently, we focus on the construction of ICm- 

We assume E = L)2 and / > 2. The other cases are similar. Interpreting 
fiber product, we have 

yWk^S, L, d) = A^k,KS, L,d)xj: {so x i) . 

Let dA4it_^i{T,, L, d) denote the union of all strata of the Gromov compactifi- 
cation of A1k,« except A4k^i itself. Let denote the involution of (9A1k,z 
induced by (p^* ■ Again, we reduce to constructing a weakly^submersive Ku- 
ranishi structure /C^ on the Gromov compactification of Ai^^i^T,, L, d) such 
that its restriction to 9A1k,z(S, L, d) admits an extension of 4>dM- 

In 1^, Fukaya et al. constructed a Kuranishi structure on the moduli 
space of J-holomorphic disks with Lagrangian boundary conditions. Their 
construction generalizes immediately to the higher genus^Jixed conformal 
structure situation considered in this paper. Away from dAi^^i, we use their 
construction without further discussion. Near dAi^ i, we must impose addi- 
tional conditions on several choices made in the construction to make sure 
we can find an extension of (pgj^- So, we briefly recount the idea of the con- 
struction of the Kuranishi neighborhood of a point p G 97Wk,/ given in [H]. 
We assume that p is a stable map of two components. The construction 
for more components is similar. By definition, p is an equivalence class of 
quadruples u = (E,'u,i', w) e Bl^P^ i jL, E, d', d") such that d*^u = 0. The 
equivalence relation in the case of two components equates reparameteriza- 
tions of the bubble component. When there are more than two components, 
the equivalence relation also takes into consideration automorphisms of the 
underlying tree of the stable map. We choose some u such that [u] = p. 
Locally trivializing by parallel translation and projection to A°'^(TX), 
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we define 

D* = Dj*^ : T^B'^'^.JL, E, d', d") 8* 

to be the linearization of at u. Since tlie bubble component u" of u may 
be 0-multiply covered, may not be surjective even for generic J and v. 
However, since is Fredholm, we may choose a finite dimensional subspace 
Eu C £* such that if vr : — > £^*/i?u denotes the natural projection, then 
TT o is surjective. Possibly enlarging E■^^, we may assume that the eval- 
uation maps from kervr o to Tu{z,)L and T^j(^.)X are surjective. This is 
necessary for the Kuranishi structure we are describing to be weakly submer- 
sive. By elliptic regularity, we may choose E^ to consist of smooth sections 
of JSP'^{u*TX). By the unique continuation theorem, we may assume these 
sections are compactly supported away from the singular point zq. 

Let = (Se, tie, i*;;, We) bc Sufficiently close to u. More precisely, choose 
a small 5 > 0. We allow to differ from S in a 5 neighborhood A'"^ of the 
singular point zq. Either zq may move slightly, or small neighborhoods of 
Zq in each component of E may be removed and their boundaries glued to 
smooth the singularity. In particular, outside N^, there exists a canonical 
identification of S with Se- The pre-gluing construction explained in detail 
in HZj gives a smooth map u : (S', (X, L) that agrees with u 

outside Ns and stays 5-close to u{zq) within N^. We assume that is 5 
close to u in the W^'^ norm. Also, we assume that i^, w^, are 5-close to i*, w. 
Then, for 5 sufficiently small, there exist unique shortest geodesies from u{z) 
to Ug{z) for each z G Tj\Ni. For 5 sufficiently small, we may assume A''^ 
is disjoint from the support of the sections of hP'^{u*TX) constituting i?u. 
So, we may parallel translate i?u along length minimizing geodesies and then 
project to A°'^(TX) to obtain a subspace of f^uf'*- Here, we parenthesize # 
because may be an irreducible W^'^ stable map. If 5 is sufficiently small 
this subspace has constant dimension. We let E_^ denote the sub-bundle of 
E'^'^^ so obtained. Similarly, we let vr : f^*-*-* £^^^ /E_^ define the projection 
to the quotient bundle. 

According to [HI EI , we may essentially define Vp to be the set of as 
above such that tt o dfju^ = 0. Then, we define Ep = E_u\vp and Sp = dyj . 
The definition of tpp is tautological. A great deal of hard analysis then shows 
that Vp is actually a smooth manifold with boundary modelled on 

ker (vr o D*) x (i?, oo\. 

However, we do not need to know the details of this analysis at all for our 
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purposes. Also, we note that it is necessary to further enlarge in order to 
construct the maps ippq, (ppq. However, this step is essentially formal, and it is 
not hard to make it (/)-equivariant. So, we do not discuss it here and instead 
refer the reader to [HI end of Section 18], or for more detail ||5i Section 15]. 
Finally, we note that canonical orientation of det(D*) induces an orientation 
of det(TV^) ® det(£'p). Indeed, note that there exist natural isomorphisms 
kerDsp ~ \ieiDdj y and cokei Dsp ^ cokei DO j^^. On the other hand, the 
exact sequence 

ker Dsp TVp ^ Ep ^ coker Dsp 

induces a natural isomorphism 

det(TFp) (g) det(Ep) ~ det(kerDsp) (g) det (coker Dsp). 

We now detail additional conditions on the choices made in the above con- 
struction, which ensure that ^j^\qj;;4 admits an extension of 4>gM- Clearly, 
we must choose a ^-invariant metric on X for measuring all distances, and 
constructing geodesies and parallel transport. We consider two cases: First 
suppose p0 := (t^QMip) P- We simultaneously construct Kuranishi neighbor- 
hoods of p and p0 as well as the extension of 0^^. Indeed, given a represen- 
tative u of p, we choose the representative := 05#(u) of p^. Furthermore, 
we choose E^^ = (j)£#{Eu)- This is compatible with the construction above 
because of the (/)-invariance of the metric. Again, by 0-invariance of the 
metric, it follows that <Pe* maps EJ^^ to E^J^.. Since at is (pB* - (pE# 
equivariant, it follows that 0b# maps dVp to dVp^. So, we define the extension 

On the other hand, suppose that (pQj^ip) = P- This may happen when u" is 
a 0-multiply covered disk of even multiplicity. It is not hard to see that we 
may choose u representing p such that 05#(u) = u. Indeed, this follows from 
the fact that all anti-holomorphic involutions of are conjugate under the 
action of PSL2{M). Furthermore, we choose £^u to be -invariant. This 
said, we may define the extension of exactly as above. This completes 
the construction of /C^. 

Now, a minor adaptation of the proof of Lemma 6.3] gives the good 
cover Q. To obtain generic transverse multisections Sp„ such that s'^^^Iq^v^ 

is (pQw equivariant, we use an argument from P, Section 11]. That is, since 
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lC\dcW admits an extension of (j)dw, it descends naturally to a Kuranishi 
structure on >V/(Z/2Z). Similarly, Qla^w descends to a good coordinate 
system Q = (P, V^, E'^, s'^, on 9gW/(Z/2Z). We denote by 

U:dW^ dW/{Z/2Z) 

the quotient map. We can apply the standard machinery of Kuranishi struc- 
tures developed in Chapter 1], reviewed in Theorem lA. 41 to obtain generic 
transversal multisections Sp„ perturbing Sp. Pulling back Sp „ under 11, we 

obtain (pgwp — (pawp equivariant transverse multisections over dcVp. Since Vp 
is a manifold with corners, it is not hard to extend a transverse section from 
dcVp to a neighborhood of dcVp. In fact, away from corners, a neighborhood 
of dcVp is diffeomorphic to [0, 1) x dcVp and we can extend sections trans- 
verse to zero as constants over [0, 1). Since dimi^' = 1, a transverse section 
cannot have zeros at corners of Vp, so we can extend near corners arbitrarily. 
Note that by choosing a generic inhomogeneous perturbation u we have al- 
ready made s'^ transverse away from dcVp. So, we may patch the s'^ with the 
extensions we have just constructed to obtain the desired Sp „, maintaining 
transversality everywhere. This completes the proof of Theorem II. HI □ 

8 Calculations 

In this section we prove Theorem 11.81 and Example 11.61 The main tool 
of the proofs is the notion of a short exact sequence of Cauchy-Riemann 
Pin boundary value problems. The first step in understanding short exact 
sequences of Pin boundary problems is to understand short exact sequences 
of bundles with Pin structure. Suppose 

— >V' — >V — >V" — ^ 

is a short exact sequence of real vector bundles over a base B. 

Lemma 8.1. Assume that at least one of V and V" is orientable. Then a 
Pin structure on any two of V, V, V," naturally induces a Pin structure on 
the third. 

Proof. For the proof of this Lemma, we write dim V = n and dim V" = m. 
Choosing a metric on V, we may identify ~ l^' © V". By symmetry of the 
direct sum, we may assume that V is orientable. We use the orientation of 
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V to reduce its structure group to SO{n). So, the Lemma follows from the 
existence of the commutative square of group homomorphisms 

Spin{n) X Pin{m) ^ Pin{n + m) 

SO{n) X 0{n) ^ 0{n + m). 

Indeed, we work on the level of transition functions which satisfy the co-cycle 
condition. The commutativity of the two factors of the product of groups 
ensures that the direct sum does not effect the cocyle condition. □ 

Lemma 8.2. Let V ^ B be a real vector bundle. If B is a one dimensional 
manifold, then V automatically carries a Pin structure. On the other hand, 
if V is one dimensional and admits a Pin structure, the Pin structure on V 
may be chosen canonically. 

Proof. The first claim of the Lemma follows because the obstruction to the 
existence of a Pin structure is a second cohomology class. The second claim 
follows when B = MP^ because, as noted in Remark 12. 7| all automorphisms 
of a line bundle over RP^ preserve Pin structure and so we can induce a 
Pin structure canonically from a previously chosen one on MP^ or 

R. — s> RP^. This extends to general B because a Pin structure on — P, if 
it exists, is determined by its restriction to loops in P. □ 

Now, let E, E', E", be complex vector bundles over a Riemann surface 
with boundary S and let F, F', F", be totally real subbundles of E, E', E", 
respectively, over dT,. Suppose further that we have an exact sequence 

— > E' — > E — > E" — ^ 

that restricts to an exact sequence 

— > F' — > F — > F" — ^ 0. (30) 

We refer to such a short exact sequence as a short exact sequence of pairs 
of vector bundles. Let p,p',p", be Pin-structures on F,F',F", respectively. 
We say that p is compatible with the short exact sequence (jHUj) if p agrees 
with the Pin structure naturally induced on F by p' and p" by Lemma 18.11 
If F' or F" is one dimensional, even if it does not come equipped with a Pin 
structure, we extend the notion of compatibihty by equipping it with the 
canonical Pin structure of Lemma 18.21 
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Definition 8.3. A short exact sequence of Cauchy-Riemann Pin boundary 
value problems 

— >iy — >D — >D!' — >0 

consists of 

• An exact sequence of pairs of vector bundles 

{E', F') {E, F) {E", F") (31) 
such that at least one of F' and F" is orientable. 

• Orientations on each of F, F', F", that is orientable. If all three are 
orientable, we assume the orientation of F agrees with the orientation 
induced from F' and F". 

• Pin structures p,p',p", on F,F',F", respectively. If F' (resp. F") has 
dimension 1, we do not require p' (resp. p") as part of the definition, 
since it may be chosen canonically by Lemma f8.2[ 

• Cauchy-Riemann operators 

D : T{E, F) — >T (^^°•'(^)) , D' : T{E', F') — > V {^f^\E')) , 
D" : V{E\F") {n''^\E")) , 

such that the diagram 

— - r {sf'\E')) — - r (^^°'H^)) — - r {sf^\E")) — - o 



D' 



D 



D" 



■ T{E', F') ^ r(E, F) ^ T{E\ F") 



commutes. 

Note that a short exact sequence of Cauchy-Riemann Pin boundary value 
problems is an example of a short exact sequence of Fredholm operators. See 
Definition EISl 

Proposition 8.4. Let 

— > D' — >D" — >D' — > 
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be a short exact sequence of Cauchy-Riemann Pin boundary value problems. 
Up to a universal sign, the isomorphism 

det(D') ® dei{D") ^ det{D) 

given by Lemma \2. 1 61 respects the canonical orientations of Proposition WI^ if 
and only if p is compatible with the short exact sequence. The universal sign 
depends on the dimension of E, E', E", the topology ofH and the orientability 
of F, F' , F" , restricted to each boundary component ofH. 

Proof. By a deformation argument, similar to the proof of Proposition 12.81 
we would like to reduce the problem to a standard short exact sequence. 
Throughout the proof, we assume that p is compatible with the short exact 
sequence. The other case follows from Lemma 12.101 As in the proof of 
Proposition 12. 8| degenerate S along curves 7a to a nodal Riemann surface S 
with nodal points and irreducible components Aq ~ and S ~ 
Simultaneously, degenerate E,E',E", to complex vector bundles E,E',E", 
over S that all satisfy condition © for appropriate n. Now, by degenerate, we 
mean identify the fibers of E\^^ (resp. E'\.y^, E"\.y^) with the single fiber E^^ 
(resp. E'x^^,E'^J. Such a degeneration satisfying condition (0) is unique up 
to homotopy. Furthermore, we may choose the degeneration of E to extend 
the degeneration of E'. These two degenerations induce a degeneration of E" 
via the short exact sequence (jHT|) . So, we may assume that there exists a 
natural induced short exact sequence 

{&, F') — > {E, F) {E", F") 0. (32) 

Choose a particular isomorphism (jHI) for {E'l^a, F'\dAa)- Extend it to an 
isomorphism (jH)) for {EIa^, F\Qj\a)- Denote the canonical bundle pairs over 
{D^,dD^) by 

^ , f(T©C"-\rM©r-'), ^ = -l 

I ^,n, ^,n) ■ ^^Qn^^n^^ ■ ^ q 

The following diagram shows that we have a naturally induced isomorphism 
® for iE"\A.,F"UJ: 

(-£'«, n; -^i,n) (-^i+j,n+r?i) -^i+j,n+m) ^ (-^j,m) -^j,m) 

A A 

— (^'|a„, f'UJ (i|A., FUJ {E"\a.,F"UJ — 0. 
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Here, the top row makes sense because by assumption, either i or j or both 
are 0. So, the top row is tautological. The bottom row is just a restriction 
of short exact sequence ()32|) . Since the morphisms in the top row commute 
with the canonical Cauchy-Riemann operators on the bundles Ei^n, the iso- 
morphisms © just chosen induce Cauchy-Riemann operators Da, D'^ and 
D'^, on I , -E' I and E"\/^^, respectively, that commute with the mor- 
phisms of the short exact sequence (j32|) . We claim that if n + m > 3, the 
preceding construction is unique up to homotopy. Indeed, choosing a metric 
on ^|ao induces a splitting of the bottom row of the above diagram. Since 
the space of metrics is contractible, this choice is unique up to homotopy. 
Then, the middle vertical morphism determines both of the other vertical 
morphisms. On the other hand, when n + m > 3, the middle vertical mor- 
phism is unique up to homotopy by Lemma 12.61 For n + m = 2, we use 
a stabilization argument as in the proof of Proposition 12.81 to reduce to the 
case n + m = 3. 

Choose operators D, D' and D", on E\j., E'\j. and -^"1^;,, compatible with 
the short exact sequence (j32|) . Note that the induced isomorphism 

det(D') ® det{D") ^ det(Z)), 

always preserves the canonical complex orientations of each side. Finally, 
choose homotopies of operators D^, and D^', on E, E' and E", respectively, 
compatible with the short exact sequence ()32p. such that 

Do = D, Di = 

and similarly for and D^'. Applying Lemma 12.161 to the short exact se- 
quence of families of Fredholm operators, 

— ^ d; — >T>t — ^ D" — ^ 

proves that the sign is universal, as claimed. □ 

We now prove a technical lemma that will be useful in the proof of Theo- 
rem ll.81 The idea of the proof is taken from [T71 proof of Theorem C.l.lO(iii)], 
which in turn follows the work of Hofer-Lizan-Sikorav 0. 

Lemma 8.5. Let {E, F) {D^, dD^) be a vector bundle pair with dim^ E = 
1, and denote its Maslov index by = fi{E,F) > —1. Let D be a real 
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Cauchy-Riemann operator on E. Let Zi, . . . , Zk € dD^, and Wi, . . . ,wi G 
be distinct marked points. Assume I + 2k = fi + 1. Denote by 

ev : ker(D) M^' © 

the evaluation map defined by 

e ^ ia^i), a^k),awi), awi)), e e ker d. 

Then ev is always surjective. 

Proof. The Fredholm index of D is well known to be /i + 1. It follows that 
the Fredholm index oi D(Bev is 0. So, if ev is not surjective, there must exist 
some non-zero ^ G ker(D) such that ^{zi) = 0, i = 1, . . . ,k, and ^{wj) = 
0, j = 1, . . . ,1. According to [T71 proof of Theorem C.l.lO(iii)], there exists 
a complex linear Cauchy-Riemann operator D' on E and a function u G 
W^'P{D^,C), such that D'{u^) = 0. This leads to a contradiction since a 
holomorphic section of (i?, F) may have at most fi zeros where interior zeros 
are counted twice. □ 

Remark 8.6. Note that it is crucial for this argument that the underlying 
Riemann surface is a disk. Otherwise, the Fredholm index of D is not ^+1. 
This explains, at least in part, why Welschinger's counting scheme does not 
immediately extend to curves of higher genus. 

Proof of Theorem \l.^ First, we treat the case dimL = 2. Welschinger's in- 
variants are defined only in the strongly semipositive case when S = D^. So, 
we take u = 0. As explained in Section HJ we could consider the moduli space 
defined by quotienting by the action of PS'L2(M), but for this proof it seems 
more natural to take a section of the PSL2{M.) action. In particular, we add 
two marked points constrained to divisors, even when / > 0, as explained in 
Remark 14.51 As in Section 0J we denote by {A, /) and {B,g) the divisor con- 
straint pseudo-cycles. In this proof, we will refer to the extra added marked 
points as z_i and z_2. As in Section |1[ we fix z_i to be at a point Sq and we 
fix z_2 to lie on a line i. 

Recall from Section 0] that, by definition. 



A^D2,d,fc,i := #ev {x,y). 
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So, we are counting holomorphic curves through a generic collection of marked 
points, just like Welschinger. The sign of a given point u = {u,z,w) e 
ev^^(x, y) depends on whether or not the isomorphism 

devu : det(TA<k/L, S, d))^ ^ ev* det (T {L^^^ x ^'))u (^3) 

agrees with the isomorphism of Theorem 11.11 up to the action of the multi- 
plicative group of positive real numbers. We would like to reduce this sign to 
the Welschinger sign associated with the curve u, up to a universal correction 
factor. For this purpose, we apply Proposition 18 .41 to a particular short exact 
sequence of Cauchy-Riemann boundary value problems. Indeed, we take the 
underlying short exact sequence of vector bundle pairs 

— > {TD\ TdD'^) ^ {u*TX, u*TL) — > {N^ , N^) — > 0. (34) 

Pulling back the Pin structure on TL induces a Pin structure pu on u*TL. 
We equip {u*TX,u*TL) with the linearized Bj operator Du = Ddj\u and we 
denote by D'^ and D" the natural operators it induces on the other terms 
of the short exact sequence. Note that TdD^ is orientable and has a nat- 
ural orientation, so we are in the situation of Definition 18.31 The natural 
orientation on TdD^ also induces an orientation on kei D'^. 

Before continuing, we introduce some notation for configuration space. 
Define the configuration space of k boundary points and / interior points of 
the disk to be 

Thinking of J^k,i as the fiber product 

Mk,i ■■= Mk,i+2 Xx^xCo,2 {Ax B X sqX i), 

we obtain Diagram El The central column of Diagram |21 is the short-exact 
sequence for the tangent space of the fiber product. The main content of 
the central row is the short exact sequence of solutions of the the short ex- 
act sequence of Cauchy-Riemann boundary value problems (jHH). This short 
exact sequence exists because by assumption the Cauchy-Riemann operator 
at each term of the sequence is surjective and we can apply the snake lemma 
from homological algebra. Diagram |21 shows how to construct a natural iso- 
morphism 

TMk,i^T,,^Ck,i®kerDl (35) 
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k,l 



T,_,,,_,Co,2 © ker D'^ 
®Ti® T{A X B) ■ 



T^,w'Ck,i+2 © ker D'^ 
' ®Ti® T{A X B) ~ 



T^,y;Ck,(B ker D'' 



T,_„.oCo,2 © T{X X X) ^ T,_,,,_,Co,2 © T{X x X) 

Diagram 2 



First, suppose u*TL is orientable. Choose an orientation on u*TL. 
Then, Qq together with the complex orientation of TdD^ induces an orien- 
tation on N^. Furthermore, as in the proof of Proposition VLq induces 
an orientation on ev* det (T (L'*'! x X'))^ . If u*TL is not orientable, as in 
the proof of Proposition IH.H ev* det (T (L'*^' x X'))^ admits a canonical ori- 
entation. Since Du is surjective by assumption, by Proposition 12. 8| and 
Qq induce an orientation Q on det (ker ~ det(D„). The central row of 
Diagram |21 shows that the fl orientation on ker(Z}„) induces an orientation 
of Tjvi^ i ~ Tg^u}Ck,i © kerD^ as the quotient of an oriented vector space by 
an oriented vector space. The sign of u is now the sign of map (j33|) with 
respect to the orientations of the domain and range just outlined. 

On the other hand, the one dimension bundle carries a canonical Pin 
structure p" by Lemma f8. 21 Since D" is surjective, invoking Proposition 12.81 
again, and Qo induce an orientation on ker(D") and hence on TAik,i by 
isomorphism (jH^j) . By Proposition 18.41 the Q" orientation on TA^^ / agrees 
with the fl orientation on TAi/^^i if and only if p„ is compatible with the 
short exact sequence (jSH). 

Recall that Welschinger's invariant counts curves with sign determined 
by the parity of the isolated real double points. By the adjunction formula, a 
rational curve u of degree d in a symplectic four manifold has a topologically 
determined total number of double points 

d ■ d — ci(d) — 2 
Hu) = ^ . 

Complex double points come in pairs. So, the parity of the real non-isolated 
double points is determined by the the parity of the real isolated double 
points. On the other hand, the parity of the real non-isolated double points 
determines the parity of the number of twists of the real part of the curve 
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about itself. This exactly determines when the Pin structure pu is compatible 
with the short exact sequence (jH^ . 

Finally, we claim that the map (jH^ always preserves orientation if we 
consider the Q" orientation on TM-^^i together with the VLq orientation on 
ev* det (T (L'*^' x X'))^ . Indeed, by Lemma IH7SI if we vary D" to the stan- 
dard complex linear Cauchy-Riemann operator on and vary to a 
standard boundary condition keeping the marked points distinct, the eval- 
uation map will remain surjective during the whole variation. So, the sign 
is standard for a given ordering of the marked points. At this point, we 
use Definition K12| which twists the orientation of TAik,i by sign(ci7). Indeed, 
switching the order of the marked points induces a change of sign of the 
evaluation map (jHHjl since each marked point leads to a codimension n — 1 
condition and = 2 is even. The twisting cancels this sign change. 

The case n = 3 is very similar. The same exact sequence ()34|) again 
plays a central role. Since is now two dimensional, we need to define a 
Pin structure on with which p„ may or may not be compatible. In [22], 
Welschinger does exactly that using the splitting of into holomorphic 
line bundles. It is important in that paper that X be convex so that J may 
be taken to be integrable. Then the Cauchy-Riemann operator D'^ is the 
standard one, so the evaluation map is also standard and has a standard 
sign. If D'^ were not standard, we could not apply Lemma [8.51 as before since 
is no longer one dimensional. In [221, Welschinger modifies the definition 
of spinor states to take into account possible changes of orientation arising 
from walls where the evaluation map is not surjective. This allows him to 
extend the definition of his invariants to general strongly-semipositive real 
symplectic manifolds X. □ 

Now we turn to the proof of the calculation in Example 1 1.61 We generalize 
Kontsevich's idea for calculating the closed Gromov-Witten invariants of the 
quintic threefold ^2] to deal with the open case as well. Extending previous 
notation in the case n = 1, we denote by r the tautological line bundle of 
CP" equipped with its canonical complex structure and we denote by tr the 
tautological line bundle of MP". Furthermore, we let 

c : CP" ^ CP", c : r -> r, 

denote complex conjugation and the bundle-map of r covering complex con- 
jugation respectively. Throughout the following discussion, we use F to de- 
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note holomorphic sections or holomorphic sections satisfying a real boundary 
condition. 

Let s E r(r^p4) be a real section, i.e. 

c o s o c' = s. 

We take 

Xs = {s = 0} C CP'^, Us = ujfs\x, 4>s = c'\xs, Ls = Fix{(f)s) C Xs. 

That is, Xg is a quintic threefold equipped with the symplectic form induced 
by the restriction of the Fubini-Study form of CP^. Moreover, Xg is equipped 
with an anti-symplectic involution 0^ and Lg = Fix{(j)s) is the corresponding 
Lagrangian submanifold. Choosing s generically, we may assume that Xg is 
a smooth manifold. When it does not lead to confusion, we may drop the 
subscript s. 

We define a bundle J-'d over the moduli space Aiofi(RP'^, D"^, d) of disks 
in CP^ with boundary in RP^ by specifying its fibers, 

:= nV*^5), u e Mo,oi^P\ D\ d). 

By restricting to the image of each curve, s induces a section s of Td that 
vanishes exactly on those curves entirely contained in Xg. 

Lemma 8.7. The total space of J-'d is orientable for each d. For d odd, Td 
is an orientable vector bundle. 

Proof. Let u G Aio fiiMP"^, D'^,d) and ^ e J-'u- After choosing a connection 
on J-'d, there exists a canonical isomorphism 

T(^u,i)J^d ^ r {u*T*^\ © r {u*TCP\ u*TMP^) 

~ r [u* (r*®^ © TCP^) , u* (tj^®^ © TMP^)) . 

Since t^^^ © TMP^ is orientable, after choosing an orientation. Proposition 
12.81 gives a canonical orientation on each tangent space. It is not hard to see 
that this orientation varies continuously with u and ^. 
When d is odd, we have 

:= r ~ r (r*«^%2,r*^5'^) , 

where we think of as one hemisphere of CP^ with boundary dD"^ = RP^. 
Since 5d is odd, again Proposition 12.81 gives each JF„ a canonical orientation 
that varies continuously with u. □ 
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Let V ^ B he a.n orientable real vector bundle. We denote by e{V) the 
Euler class of V. 

Proposition 8.8. Suppose s is transverse to the zero section of J-". Let d be 
odd. Then 

Remark 8.9. This proposition should still hold true when s is not transverse 
to the zero section of JF. However, the proof will be slightly more complicated. 
The author plans to address this issue in a future paper that will calculate 
the invariants in higher degrees as well. 

Remark 8.10. If d is even, when the details of the necessary corrections from 
real curves with empty real part are worked out, an argument similar to the 
proof of Proposition 18.81 should show that Nd2 ci q q is zero. Indeed, A''£)2 ^ 9,0 
should be given by the self-intersection number of the zero section of J-'d- 
Since dim A^o,o(I^-P^; -D^, c?) = 5d + 1, which is odd when d is even, the self 
intersection number should be zero. 

Proof of Proposition \8.^ Let Nl^ denote the normal bundle of Lg in MP'*. 
By the adjunction formula, it is isomorphic to Tj^'^^Ij;^^. Since N^^ is one 
dimensional, by Lemma 18.21 we may choose its Pin~^ structure canonically. 
Equip T^^^ with a Pm"*" structure corresponding to the Pm"*" structure of Nl^ 
under the isomorphism of the adjunction formula. Choose Pin~^ structures 
on TLg and TMP^ compatible with the short exact sequence 

— >TLs — > TRP* — > Nl, — > 0. 

As in isomorphism (j35|) of the proof of Theorem 11.81 we may identify 

T„Mo,o(Ps,/^',rf) ^kerZ^::, (36) 

where D'^ is the operator that induces on the bundle pair {N^% N^"). 
Equip N;^" with the Pm+ structure induced by the short exact sequence 

— > TdD^ ^ u*TLs — > N^' — ^ 0. 

Then, by Diagram |21 and Proposition 18. 4[ we may assume that isomorphism 
(|36p is orientation preserving when ker D'^ is given the canonical orientation 
of Proposition 12.81 From Diagram |21 along with its conjugation invariant 
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■u*N 



X 



u*N 



X 



■ u*TCP^ ■ 



u*TX ■ 



X 



Diagram 3 



part, we deduce a short exact sequence of Cauchy-Riemann boundary value 
problems 







0. 



(37) 



The Cauchy-Riemann operators at each term of the sequence are induced 
by the rows of Diagram 01 The conjugation invariant parts of the rows 
of Diagram El induce Pin~^ structures on each of the boundary conditions 
in short exact sequence (j?7|) . The induced Pm+ structures are compatible 
with the exact sequence because the already chosen Pm"*" structures on the 
conjugation invariant parts of the first two columns of DiagramElare compat- 
ible. Recall from the proof of the adjunction formula that the isomorphism 
Nx^ — T*®^|xa is given by the differential ds. So, we have a diagram 



.r(ivcp^iv« 




Since CP^ is convex, r(A^^^ , A^^^ ) has expected dimension. Since r**^^ is a 
line bundle, its sections always have expected dimension. By assumption, ds 
is an isomorphism. So, by the snake lemma, r(A^^, N^) must have expected 
dimension, i.e., 0. So, its orientation is just a sign. Since all Pm+ structures 
in the above diagram have been chosen compatibly, the sign is given exactly 
by the sign of ds, as claimed. □ 
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Proof of Exam,ple Al.(A The section sp & y{t*®^) defining the Fermat quintic 
does not satisfy the assumptions of Proposition l8.8l even in degree 1. However, 
an elementary transversahty argument shows that we may choose a nearby 
section s which does, in degree 1. Note that if s is not sufficiently close io sp^ 
the topology of Lg could be different from that of Lg^ . However, by Moser's 
method, if s is sufficiently close to sp, we know that {Xg.oJs) is symplec- 
tomorphic to {Xsp^Ugp) by a 0^ — (t>SF equivariant symplectomorphism. In 
particular, this symplectomorphism sends Ls = Fix{(j)s) to Lgp = Fix{(j)sp). 
So, fixing some s sufficiently close to sp, we may think of the deformation of 
SiT' to s as a deformation of 0sj7-invariant complex structure on Xgp, which 
leaves the invariants unchanged. By Proposition 18.81 it suffices to calculate 
e{J^i). Let G{k,n) denote the Grassmannian of real oriented k planes in n 
space and let tq denote its tautological bundle. It is not hard to see that 

Mo,o{^P\ D\ 1) ~ G{2, 5), ^1 ^ Sym\TG). 

Applying the splitting principle, we calculate the Pontryagin class 

p^{Sym\TG)) = 225pi(rG)l (38) 

Then, taking square roots, we have 

e{Sym\TG)) = Iheircf = l^rf). 

Here, we have to include G(2, 5) into G{2, n) for n sufficiently large so that 
both sides of equation (jHHj) are not just zero. We use the unique factorization 
property of the polynomial ring H*{G{2, oo)) to justify taking square roots 
on both sides. 

Finally, since there are two oriented 2-planes in the intersection of three 
generic hyperplanes in MP, we know that 

[ e(r®=^) = 2 or 0. (39) 

To show the integral is actually 2, we proceed as follows. Let G{k, n) denote 
the Grassmannian of unoriented /c-planes in n-space and let tg denote its 
tautological bundle. Note that vr : G{2, 5) (5(2, 5) is the orientation cover. 
Moreover, 7T*fG — tg and wi^tg) = wi{TG{2,5)). So, both points count the 
same and integral (jSHI) is 2 as desired. □ 
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A Kuranishi structures 

In this appendix, we briefly review the definition of a space with Kuranishi 
structure and perturbations thereof, as introduced in j3] and extended in [H] . 
We essentially follow the conventions of [6., Appendix 2]. In the following 
discussion, we take X to be a compact metrizable space. 

Definition A.l. A Kuranishi structure with corners on X of dimension d 
consists of the following data: 

(1) For each point p E X, 

(1.1) A smooth manifold with corners Vp and a smooth vector bundle 
Ep ^ Vp such that dim Vp — rank Ep = d. 

(1.2) A finite group Vp acting on Ep — > Vp. 

(1.3) An Fp-equivariant smooth section Sp of Ep. 

(1.4) A homeomorphism ipp from s~^(0)/Fp to a neighborhood of p in 
X. 

(2) For each p E X and for each q G Im?/'p, 

(2.1) An open subset Vpq C Vq containing ip~^{q). 

(2.2) A homomorphism hpq : Fg — > Fp. 

(2.3) An /ipg-equivariant embedding ippq : Vpg Vp and an injective 
/ipq-equivariant bundle map ippq : Eq\vp^ Ep covering ippg. 

Furthermore, the above data should satisfy the following compatibility con- 
ditions: 

(CI) ippq O Sq = SpO ippg. 
(C2) i)q=i)pO ippg. 

(C3) li r E ipq (s~^(0) n Vpq/Tq) , then in a sufficiently small neighborhood 
of r, 

<^pq O <^qr = Vpr, <Ppq ° ^gr = ^pr- 
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We note that occasionally we may regard ijjp as a map from s-\0) to X 
by composing with the quotient map Vp — * Vp/Tp. 

A crucial ingredient in the construction of a perturbation of a space with 
Kuranishi structure is the notion of the tangent bundle of a Kuranishi struc- 
ture. We take the following definition from jJJ Section 5] . 

Definition A. 2. A tangent bundle for a Kuranishi structure consists of a 
collection of vector bundle isomorphisms 

covering the embeddings ippq. Furthermore, if 

qelmijp, r eiJg{s-\0)r]Vpg) , 
then in a sufficiently small neighborhood of r, we have a commutative diagram 

. Ny^Vr Ny^Vr Ny^Vq . Q 



^ Eg/ Er 9- Ep/ Er 5- Ep/ Eg ^ 0. 

We also need the notion of an orientation for a Kuranishi structure, which 
again comes from Section 5]. 

Definition A. 3. An orientation of a Kuranishi structure with tangent bun- 
dle consists of a family of trivializations of det(TV^) ® det(£'p) compatible 
with the isomorphisms 

det{TVg) ® det{Eg)\v^^ ^ det{TVp) ® det{Ep)\y^^ 

induced by $pg. 

Without providing full detail, we remind the reader of certain definitions 
relating to multisections that are used in Section [3 of this paper. For details, 
see Section 3]. In the following, for Z a space, we denote by S^{Z) its 
symmetric power. That is 

S\Z) := Z'/S,, 

where 5*^ is the group of permutations of I objects acting on Z^ by permuting 
the factors. Let E ^ V he a, vector bundle. \i U (Z V is sufficiently small. 
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then E\u is trivial. So, if lankE = r, a section of E over U may be specified 
by a map U ^ W. Analogously, a multisection s of E over f/ may be 
specified by a map su : U —>■ S^{W). Note that globally, the multiplicity i 
can change. By definition, the multisection s is said to be smooth if after 
possibly shrinking U, there exists a smooth lifting of su to the Cartesian 
product, 

The components of this lifting locally define i sections slj of E. We call the 
branches of s over U. If E ^ V is a F-equivariant vector bundle, then there 
is a natural notion of a F-equivariant multisection coming from the induced 
action on the symmetric power. Note that for F-equivariant smooth sections, 
we do not require the local lifts su to be F-equivariant. We call a smooth 
multisection transverse if each branch of each local lifting is transverse. The 
vanishing set of a multisection s is defined locally by 

s~\o)nu = [j{shy' (0). 

i 

If s is transverse and sufficiently generic, then s~^(0) admits a smooth tri- 
angulation. If we fix a trivialization of det{E) ® det(\^), then the vanishing 
set of any smooth section is oriented. So, s^^(O) actually defines a rational 
singular chain by weighting each simplex of its triangulation by the signed 
count of branches s\j that vanish on it, divided by i. 

Finally, we need to recall the notion of a good coordinate system intro- 
duced in Section 6]. Fix a Kuranishi structure on X. We denote the 
various parts of the Kuranishi structure by the same symbols as in Defini- 
tion lA.ll For C Vp, we denote by E'^, ip'^, s'p, etc. the restrictions of all the 
related parts of the Kuranishi structure. A good coordinate system specifies 
a finite ordered set P C X and C Vp for each p E P such that 

X C Up^plmip'p. 

Furthermore, for q,p E P such that q < p, it specifies a neighborhood 

i;;D^-i'(Im^;), 
an embedding yj^^ : Vp^ "-^ Vp and an injective bundle map 
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covering ipp^. Of course, we must require Sp o {p^^ = (p'^^ o s'^. Also, (p^g (resp. 
0pg) must respect the actions of Tq and Tp in such a way as to define a map 
of the quotient orbifolds (resp. orbi-bundles) . A few additional technical 
conditions ensure requisite compatibility. 

The following is a restatement of Theorem 6.4]. 

Theorem A. 4. Let (PjVpjip'p, Sp,ippg,ippg) be a good coordinate system on a 
space with Kuranishi structure {X,)C). Suppose that /C has a tangent bundle 
in the sense of Definition \A . ^ Then, for each p & P, there exists a sequence 
of smooth Tp-equivariant multisections Sp„ of Ep such that 

(P2) lim„^oo s'p n = s'p. 
(P3) Sp yj is transversal to 0. 

(P4) The restriction to ImLpp^ of the differential of the composition of any 
branch of s'p ,^ and the projection Ep Ep/ E'^ coincides with the iso- 
morphism $' : Nv'V' ^ E'/E' 

Fix n sufficiently large. The rational chain given by the vanishing sets of 
the s'p^ constructed in Theorem IA.4I constitutes a transverse perturbation of 
the space with Kuranishi structure (X, /C). 

For the reader's convenience, we outline the proof of Theorem IA.4I We 
use induction on the ordered set P. Write P = {pi,p2, . . .}. Assume the 
existence of perturbations s^. „ satisfying conditions |(P1)|[('P4)| for i < j. The 
embeddings ^Pp.p., the bundle maps 0p^p^ and the isomorphisms ^p^p^, allow 
the extension of s^. ^ to a neighborhood of 

[jlm^'p^p^cVp^. 

i<j 

A small perturbation of the extension produces s^^ „ as desired. Full detail 
is given in Section 6]. 
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